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1. Introduction 



At seminars at Harvard and MIT, during October 1994, Edward Witten intro- 
duced the U(l) monopole equations and the Seiberg- Witten invariants to smooth 
four-manifold topology and conjectured their relationship with Donaldson invariants 



on the basis of new developments in quantum field theory |19], |98|. The conjecture, re- 



cently extended in |nj , has been verified for all four- manifolds whose Donaldson and 
^. \ Seiberg- Witten invariants have been independently computed. Within two months of 

Witten's announcement, a program was outlined by V. Pidstrigach and A. Tyurin and 
others which should lead to a mathematical proof of the relationship between these 



two invariants |6q , fUj [74J] . This approach is unrelated to the quantum field-theoretic 
arguments of [[51], and uses a moduli space of PU(2) monopoles to construct a 
cobordism between links of Seiberg- Witten moduli spaces of U(l) monopoles and the 
Donaldson moduli space of anti-self-dual connections, which appear as singularities 
bJQ! in this larger stratified moduli space. 

(3jr); It was soon recognized, however, that despite the appeal and elegance of the PU(2) 

monopole program, its implementation involves substantial technical difficulties due 
to the contributions of moduli spaces of U(l) monopoles in the lower levels of the 
Uhlenbeck compactification of the moduli space of PU(2) monopoles. Many of these 
difficulties had never been resolved even in the case of Donaldson theory where similar 
problems arise, albeit in a rather simpler form, in attempts to prove the Kotschick- 
Morgan conjecture for Donaldson invariants of four-manifolds X with b + (X) = 1. 
That conjecture asserts that the Donaldson invariants computed using metrics lying 
in different chambers of the positive cone of H 2 (X; R)/R* differ by terms depending 
only the homotopy type of X |[45|| . In the case of the Kotschick- Morgan conjecture, 
the heart of the problem lies in describing the links of the lower-level reducibles 
via gluing and then in calculating the pairings of the Donaldson cohomology classes 
with those links. Thus far, such links have been described and their pairings with 
cohomology classes computed only in certain special cases [jn|, [T5], [TB|, [21], [H], [5J| 
193. The methods used to obtain these special cases fall very far short of the 
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kind of general analysis needed to prove the Kotschick-Morgan conjecture. On the 
other hand, by assuming the Kotschick-Morgan conjecture, L. Gottsche computed the 
coefficients of the wall-crossing formula in [45| in terms of modular forms by exploiting 
the presumed homotopy invariance of the coefficients ||35|| . A related approach to the 
Witten conjecture was proposed by Pidstrigach and Tyurin |72| . Certain aspects of 
the PU(2) monopole program have been considered from a quantum-field theoretic 
viewpoint in [O, |38], |39|, EO, pTL 



In the present article and its sequels [P5 , p6| . |27| we address the analytical problems 
associated with constructing the links of lower-level Seiberg- Witten moduli spaces and 
in establishing the analogues of the Kotschick-Morgan conjecture for PU(2) monopoles 
needed to compute the pairings of cohomology classes with these links. We hope to 
return to the actual computations and a verification of Witten's conjecture |98| in 
a subsequent paper. In this article we describe the basic regularity, Uhlenbeck com- 
pactness, and transversality results we need for the moduli space of PU(2) monopoles 
and in the sequels |f26|, [27] we develop the gluing theory required to construct the 
links of the lower-level Seiberg- Witten moduli spaces. An announcement of the main 
results of the this article appeared in [pi- 



1.1. Statement of results. 



1.1.1. PU(2) monopoles and holonomy perturbations. We consider Hermitian two- 
plane bundles E over X whose determinant line bundles det E are isomorphic to a 
fixed Hermitian line bundle over X endowed with a fixed C°°, unitary connection. 
Let (p, W + , W~) be a spin c structure on X, where p : T*X — > End W is the Clifford 
map, and the Hermitian four-plane bundle W = W + © W~ is endowed with a C°° 
spin c connection. 

Let k > 3 be an integer and let Ae be the space of L\ connections A on the 
U(2) bundle E all inducing the fixed determinant connection on deti?. Equivalently, 
following [|^, §2(i)], we may view Ae as the space of L\ connections A on the PU(2) = 
SO (3) bundle su(E). We pass back and forth between these viewpoints, via the fixed 
connection on det E, and rely on the context to make the distinction clear. Given a 
connection A on su(E) with curvature F A G L^_ X (A 2 <g> so(su(E))), then ad _1 (F|) e 
L 2 _ 1 (A + (g>su(i?)) is its self-dual component, viewed as a section of A + ®su(E) via the 
isomorphism ad : su(E) — > so(su(E)). When no confusion can arise, the isomorphism 
ad : su(E) — > so(su(E)) will be implicit and so we regard Fa as a section of A + ®su(£') 
when A is a connection on su(E). Let D A : L 2 k (W + <g> E) — > L|_ 1 (W~ <g> E) be the 
corresponding Dirac operator. 

For an L\ section $ of W + ® E, let <3>* be its pointwise Hermitian dual and let 
($ ® $*)oo be the component of the Hermitian endomorphism $ ® $* of W + <g) E 
which lies in su(W + ) <2)s\i(E). The Clifford multiplication p defines an isomorphism 
p : A + — > su(W + ) and thus an isomorphism p = p ® id BU (E) of A + <g> su(E) with 



PU(2) MONOPOLES, I 



3 



su(W + ) ®su(E). Then 

(1.1) F+-p- 1 ($®$*)oo = 0, 

D A $ = 0, 



are the unperturbed PU(2) monopole equations considered in |68], [71], |74}1 , with 
a slightly differing trace conditions (see below), for a pair (A, $) consisting of a 
connection on su(-E) and a section $ of P^ 4 " ® E. 



Donaldson's proof of the connected-sum theorem for his polynomial invariants ]18 



Theorem B] makes use of certain 'extended anti-self-dual equations' ||T8"| , Equation 
(4.24)] to which the Freed-Uhlenbeck generic metrics theorem does not apply fT5| , 
§4(v)]. These extended equations model a neighborhood of the product connection 
appearing in the Uhlenbeck compactification of the moduli space of anti-self-dual 
SU(2) connections. To obtain transversality for the zero locus of the extended equa- 
tions, he employs holonomy perturbations which give gauge-equivariant C°° maps 
A* E (X) — > Q + (su(E)) which are then used to perturb the extended anti-self-dual 
equations [[17], §2], [18|, pp. 282-287]. These perturbations are continuous with re- 
spect to Uhlenbeck limits and yield transversality not only for the top-level moduli 
space, but also for all lower-level moduli spaces and for all intersections of the geo- 
metric representatives defining the Donaldson invariants. 

In §2.5.2j and in the Appendix we describe a generalization of Donaldson's idea 
which we use to prove transversality for the moduli space of solutions to a perturbed 
version of the PU(2) monopole equations ( |1 . 1|) . Unfortunately, in the case of the 
moduli space of PU(2) monopoles, the analysis is considerably more intricate and the 



method we employ here is rather different to the one developed in [|18j. We use an in- 
finite sequence of holonomy sections defined on the infinite-dimensional configuration 
space of pairs; when restricted to small enough open balls in the configuration space, 
away from reducibles, only finitely many of these perturbing sections are non-zero 
and they vanish along the reducibles. 

Let be the Hilbert Lie group of L\ +l unitary gauge transformations of E with 
determinant one. Let S\ denote the center of U(2) and set 

°Qe ■= S z *{±id E } Qe-, 

which we may view as the group of L\ +1 unitary gauge transformations of E with 
constant determinant. The stabilizer of a unitary connection A on E in °Qe (which 
coincides with its stabilizer in the full group Aut E of unitary automorphisms of E) 
always contains the center S\ C U(2), corresponding to the constant, central, unitary 
automorphisms of E. We call A irreducible if its stabilizer is exactly S\ and reducible 
otherwise. 

It is also possible, as in [[H], [F4 |, to fix a smooth representative uo G Q 2 (X, R) for 



C\(E) and instead consider the space of unitary connections A on E satisfying the 
trace condition tr Fa = —2iriuj, modulo the action of the full group Aut E of unitary 
autommorphisms of E. The resulting moduli space of nonabelian monopoles is then a 
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torus bundle over the moduli space we define below, with fibers H l (X; ¥L)/H l (X; Z). 
These tori complicate the analysis of the links of singularities when ^(X) > and 
do not contain any additional information, so we choose to eliminate them by instead 
imposing the stronger fixed-determinant-connection trace condition and working with 
a compatible group of gauge transformations. A similar framework is used in [|55| , p2| . 

We refer to § |2.5| for a detailed account of the construction of our holonomy perturba- 
tions. The large number of technical points involving regularity and uniform estimates 
for these perturbations (which still allow us to obtain an Uhlenbeck compactification) 
are discussed in the Appendix. We fix r > k + 1 and define gauge-equivariant C°° 
maps (see 



(1.2) A E (X) 3A^t- m(A) G L 2 k+1 (X, g[(A+) ® R so(su(E))), 

A E {X) 9iHfm(4) e Ll +1 (X, Rom(W + , W~) <S>c sl(E)), 

where f := (Tjj t a) is a suitably convergent sequence in C r (X, gl(A + )) and $ := (i?j,j, a ) 
is a suitably convergent sequence in C r (X, A 1 <g> C), while m(A) := (mjj^A)) is 
a sequence in L\ +l (X,su{E)) of holonomy sections constructed by extending the 
method of IT7L |TS|, and 



f-m(A) := ^Tj^a ® R ad(m iii>a (A)), 

j,l,a 

We call a point (A, $) in the pre-configuration space of L\ pairs Cw,e '■= -Ae x 
L\(W + <g> E) a PU(2) monopole if it solves 

(1.3) F+-(id + r ®id su(s) + r-m(A))p- 1 (<l>®<l>*)oo = 0, 

+ p(tf )$ + # • m(A)$ = 0. 

We let M w> e be the moduli space of solutions cut out of the configuration space of 
pairs Cw,e '■= Cw,e/°Ge by the equations (|1.3| ). We let M^ E C M W>E be the subspace 



of pairs [A, $] such that A is irreducible and the section $ is not identically zero. The 
sections f ■ xn(A) and $ • xn(A) vanish at reducible connections A by construction; 
plainly, the terms in (|1.3| ) involving the perturbations f ■ Xti(A) and $ ■ xn(A) are zero 
when $ is zero. 



1.1.2. Uhlenbeck compactness. The holonomy-perturbation maps in ( |1.2|) are contin- 
uous with respect to the Uhlenbeck topology (see § |4.5|) , just as are those of |18| 



Suppose {Ap} is a sequence in Ae(X) which converges in the Uhlenbeck topology 
to a limit (A, x) in Ae_^(X) x Sym £ (X). The sections f ■ m(^) and i? • m^^) then 
converge in L\ +1 (X) to a section f • xn(A, x) of gt(A + ) ® K so(su(i<L^)) and a section 
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i? • m(A, x) of Hom(W + , W ) © c s[(i?_£), respectively. For each £ > 0, the maps of 
( |i.2p extend continuously to gauge-equivariant maps 

(1.4) A E _ t (X) x Syn/(X) -> L| +1 (X, fl [(A+) ® R so(su(£^))), 

-4 E _,(X) x Syn/(X) -> L^ +1 (X, Hom(iy+, W~) ® c 

given by (A, x) h- > r • m(A,x) and (A, x) i— > i? • m(A, x), which are C°° on each C°° 
stratum determined by Sym (X). 

Our construction of the Uhlenbeck compactification for M w ,e requires us to con- 
sider moduli spaces 

M w , E _ e C C W)E _ e x Sym € (X) 
of triples [A, $, x] given by the zero locus of the °^^;_ f -equivariant map 

6 : C w ,E. t x Sym £ (X) -> L 2 k {A + ® su(£_*)) © ® ^) 

defined as in (|1.3| ) except using the perturbing sections r ■ m and ■§ • m in (|1.4|) 
instead of those in ( |1.2|) . We call M^£_ £ a lower-level moduli space if t > and call 
Mtf/^-o = Mw } e the top or highest level. 

In the more familiar case of the unperturbed PU(2) monopole equations (|1 . 1| ) , the 
spaces 'M.w,E_ e would simply be products Mw,E_ e x Sym £ (X). In general, though, 
the spaces M w ^ E _ e are not products when £ > due to the slight dependence of the 
section &(A, $,x) on the points x G Sym £ (X) through the perturbations f ■ m and 
i? • m. A similar phenomenon is encountered in jT^, §4(iv)-(vi)] for the case of the 
extended anti-self-dual equations, where holonomy perturbations are also employed 
in order to achieve transversality. 

We define Mw,e to be the Uhlenbeck closure of Mw,e in the space of ideal PU(2) 
monopoles, 

N N 

U M ^-, c U ( C w,E- e x Sym € (X)) , 

t=0 1=0 

for any integer N > N p , where N p is a sufficiently large integer to be specified below. 

Theorem 1.1. Let X be a closed, oriented, smooth four-manifold with C°° Riemann- 
ian metric, spin c structure (p, W + , W~) with spin c connection on W = W + © W~ , 
and a Hermitian two-plane bundle E with unitary connection on detE. Then there 
is a positive integer N p , depending at most on the curvatures of the fixed connections 
on W and det E together with 02(E), such that for all N > N p the topological space 
Mw,e is compact, second countable, Hausdorff, and is given by the closure of Mw,e 
in Li^ =0 M w>E _ t . 

Remark 1.2. The existence of an Uhlenbeck compactification for the moduli space 
of solutions to the unperturbed PU(2) monopole equations ( |1.1|) was announced by 



Pidstrigach [[fl|] and an argument was outlined in [74|. A similar argument for the 



equations ( |1 . 1| ) was outlined by Okonek and Teleman in [SB|. Theorem [14] yields the 
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standard Uhlenbeck compactification for the system (|1 . 1|) and for the perturbations 
of ( LI ) described in [^, |93|] — see Remark [Oj. An independent proof of Uhlenbeck 



compactness for ( |1 . 1|) and certain perturbations of these equations is given in |93 



1.1.3. Transversality. The space Sym (X) is smoothly stratified, the strata being 
enumerated by partitions of £. If E C Sym (X) is a smooth stratum, we define 

Mw,s_Js := e Mw,E_ e : x G E}, 

with Mff,B_ := Mw,e when £ = 0. We then have the following transversality result 
for the equations ( |1.3| ), at least away from the solutions where the connection is 
reducible or the spinor vanishes. 

Theorem 1.3. Let X be a closed, oriented, smooth four-manifold with C°° Riemann- 
ian metric, spin c structure (p, W + ,W~) with spin connection on W = W + © W~ , 
and a Hermitian line bundle det E with unitary connection. Then there is a first- 
category subset of the space of C°° perturbation parameters such that the following 
holds. For each 4-tuple (to, $o, t, d) in the complement of this first- category subset, in- 
teger £ > 0, and smooth stratum E C Sjm e (X), the moduli space |s(to, $0; t, #) 
is a smooth manifold of the expected dimension, 

dimM^°£_J E = dim M^ ^ + dimE 

= -2 Pl {sa{E. t )) - §(e(X) + a{X)) + dimE 
+ i Pl (su(£_,)) + \{{ Cl {W + ) + Cl (E)) 2 - a(X)) - 1, 

where det(E_i) = detE and c 2 (i?_^) = c 2 (E) — I. 

Remark 1.4. Different approaches to the question of transversality for the PU(2) 
monopole equations ( |1 . 1|) with generic perturbation parameters have been considered 
by Pidstrigach and Tyurin in j74j and by Teleman in p2[ . More recently, a new 
approach to transversality for has been discovered independently by the first 
author |23j and by Teleman [p3| : the method uses only the perturbations (to,$o) 



together with perturbations of the Riemannian metric g on X and compatible Clifford 
map p. 

A choice of generic Riemannian metric on X ensures that the moduli space M|f d '* 
of irreducible anti-self-dual connections on su(E) is smooth and of the expected di- 
mension |2(| |3(|, although the points of M|f d '* need not be regular points of M^ E as 



the linearization of (|1.3|) may not be surjective there. A choice of generic parameter 



t ensures that the moduli spaces M^£ L of non-zero-section solutions to ( |1.3|) which 



are reducible with respect to the splitting E — L\ © (det E) ® L\ are smooth and of 



the expected dimension f25fl . Again, the points of M^, ' L need not be regular points 



of MyfE since the linearization of (|1.3j ) may not be surjective there. 
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We note that related transversality and compactness issues have been recently 
considered in approaches to defining Gromov-Witten invariants for general symplectic 
manifolds M, [79, [79l. 



1.2. Outline. We indicate how the remainder of our article is organized. In § pT2 



we prove a slice result for the configuration space Cw,e (Proposition |2.8|) while in 



2Tq we describe the elliptic deformation complex for (|1.3| ) and compute the expected 
dimension of M^e- We develop the regularity theory for a generalization of the PU(2) 
monopole equations (|1.3|) (obtained by allowing additional inhomogeneous terms) in 
§0: the main technical result there is that an L\ solution to an inhomogeneous version 



of (|1.3|) and the Coulomb gauge equation is C°° (Corollary |3.4|) . By combining this 
with the slice result of Proposition |2.8| , we then show that any PU(2) monopole (A, $) 
in L\ is L\ +1 gauge-equivalent to a PU(2) monopole in C°° (Proposition 



We establish local estimates for L\ solutions to the inhomogeneous version of (|1.3| ) 



in 



3l| and We use the sharp L\ regularity result of Corollary ^]4| in §[| to 



prove the removability of point singularities for PU(2) monopoles (Theorem |4.10| ) 



In the sequels [|^, £7|, these regularity results and estimates are needed to prove 
that L\ gluing solutions to (|1.3|) are C°° and to analyse the asymptotic behavior of 
Taubes' gluing maps and their differentials near the lower strata of the Uhlenbeck 
compactification. 



The proof of Theorem 1.1 relies heavily on both the regularity theory of §H and the 



fact that solutions (A, $) to ( |1.3|) satisfy a 'universal energy bound', with constant 



depending only on the data in the hypotheses of Theorem EI. The section $ also 
satisfies a universal C° bound: these bounds are the analogues for PU(2) monopoles 
of the now well-known a priori estimates for Seiberg-Witten monopoles ||7|, |62|, |77|, j98[ 
and follow, in much the same way, from the maximum principle and the Bochner- 
Weitzenbock formula for provided k > 3 (see § f4.1| ). In §|3] we prove the removability 



of point singularities for solutions to ( |1.3j ) (Theorem |4. 1U| ) using our a priori bounds 



and regularity results. While the PU(2) monopole equations are not conformally 
invariant, they are invariant under constant rescalings of the metric (in the sense of 
and, as in the case of anti-self-dual connections, this scale invariance is exploited 



in the proof of Theorem |1 . 1| , whose proof is completed in § [16 . 

Theorem |1.3| is initially established in §|5| for C r perturbations for any fixed 3 < 
r < oo, in order to avail of the Sard-Smale theorem for Fredholm maps of Banach 



manifolds [80], while in § 5.1.2j we show that generic C°° perturbation parameters are 



sufficient for transversality. (See Corollary |5.6| for the special case I = and § |5.1.3 
for its extension to the general case i > 0.) 

As we shall explain in §|| our proof of Theorem |1.3| ultimately hinges on the fact 
that if (A, $) is a PU(2) monopole and A is reducible on a non-empty open subset 
containing the support of the holonomy perturbations depending on A, then A is 



reducible over X. The proof of this result (Theorem 5.11 ) occupies §^3; the result 



follows from the Agmon-Nirenberg unique continuation theorem after the system ( |1.3j ) 
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has been transformed into an ordinary differential equation for a one-parameter family 
of pairs over S 3 . The unique continuation property holds for both the perturbed 
PU(2) monopole equations (|1.3|) , when the initial open subset of X contains the balls 
in X supporting holonomy perturbations, and the unperturbed equations ( |1.1|) for 
any initial open subset. 



1.3. Other approaches to transversality. As we noted in Remark |1.4j , transver- 
sality for the PU(2) monopole equations ( |1 . 1|) has also been proved very recently 
using only the perturbations (tq, $0)) together with perturbations of the Riemannian 
metric g on X and compatible Clifford map p |23|. |93| . The transversality proof given 
in [23 is considerably more delicate than the method we employ in the present article. 
When using holonomy perturbations, the main technical difficulties are due to the 
noncompactness of the moduli space of PU(2) monopoles and the core transversality 
argument itself is more straightforward, whereas in |23|] the situation is entirely re- 
versed. To place these various transversality results in a suitable context, we briefly 
discuss some other approaches to transversality, both for the PU(2) monopole equa- 
tions and the closely related 'spin c -ASD' equations of |j73]| , which Pidstrigach and 
Tyurin used to define spin polynomial invariants. 

Suppose (A, <£>) is a solution to either the equations (|i.lp, the equations ( |1.1| ) with 



perturbations (t 0j $ ), or the holonomy-perturbed equations ([T3|). If A is reducible, 
then $ has rank less than or equal to one (see Lemma |5.22| ). However, as observed by 
Teleman |69| , |92| , if $ is rank one then A is not necessarily reducible and he describes 
a simple counterexample for the equations (|1.1| ) when X is a Kahler manifold with 
its canonical spin c structure. 

It is not too difficult to prove that M^ E is a smooth manifold of the expected 
dimension away from the locus of irreducible, rank-one solutions using the perturba- 
tion parameters (r ,i?o) alone. However, as irreducible, rank-one solutions to ( |1.3| ) 
could be present in M^r E , it appears impossible to prove that the entire space M^ E 
is a smooth manifold of the expected dimension using only the parameters (ro,^o)- 
A similar problem arises in the proof of transversality for the spin c -ASD equations 
given in [73], Proposition 1.3.5]; a version of these equations can be obtained from the 
equations ( |1.1| ) by omitting the quadratic term p _1 (<I> ® $*) o- In the proof of ]73 



Proposition 1.3.5] it is claimed that if Da§ = and $ is rank one, then A is reducible 
[p. 277]: Teleman's counterexample shows that this claim is incorrect and he points 
out an error in their argument p5L On the other hand, the possible presence or 
absence of irreducible, rank-one solutions to the PU(2) monopole equations makes no 
difference to the transversality argument we describe in §[5] using holonomy pertur- 
bations, as these perturbations are strong enough to yield transversality without a 
separate analysis of the locus of irreducible, rank-one solutions. 



1.4. Applications. In [£5 we discuss the singularities of the moduli space Mw,e- 
We introduce cohomology classes and geometric representatives on M^ E , construct 
the links of the top-level singular strata of anti-self- dual and Seiberg-Witten moduli 
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spaces, compute the Chern characters of their normal bundles in suitably defined 
ambient manifolds, and define the orientations of these links. We thus obtain a rela- 
tion between Donaldson and Seiberg-Witten invariants when the reducible solutions 



appear only in the top level of the Uhlenbeck compactification. In [p6| , |27[| , we de- 
velop the gluing theory for PU(2) monopoles: this is used to construct links of the 
lower-level Seiberg-Witten moduli spaces, to show that the pairing of the cohomol- 



ogy classes with this link is well-defined, and to eliminate the requirement of [53] that 
the reducible solutions appear only in the top level. A survey of some of the results 
contained in the present article and its sequels PSJ, UR, B71 is provided in El . 
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2. The PU(2) monopole equations 
We lay out a framework for gauge theory for pairs in §|2.1| and §|2.2|: In §|2.1| we define 



the Hilbert spaces of pairs and gauge transformations, while in § |2.2j we establish 
the main slice result we require for the configuration space of pairs modulo gauge 
transformations, paying particular attention to the structure near 'reducibles'. The 
PU(2) monopole equations and their holonomy perturbations are introduced in § |2.5| . 
The role of the perturbations in obtaining transversality results will be explained in 
§|5|. To preserve continuity a detailed discussion of the technical points which need to 
be addressed when using holonomy perturbations in the present context is deferred to 
the Appendix. The moduli space and the elliptic deformation complex for solutions 



to the PU(2) monopole equations are described in § p76 



2.1. Configuration spaces of connections and pairs. In this section we define 
the spaces of connections, pairs, gauge transformations, and configuration spaces we 
will use throughout our work. 

2.1.1. Connections on Hermitian two-plane bundles. We consider Hermitian two- 
plane bundles E over X whose determinant line bundles det E are isomorphic to 
a fixed Hermitian line bundle over X endowed with a fixed C°°, unitary connection 
A e . The Hermitian line bundle over X and its unitary connection A e are fixed for 
the remainder of this article. 

Let k > 2 be an integer and let Ae be the space of L\ connections A on the U(2) 
bundle E all inducing the fixed determinant connection A e on det E. Equivalently, 
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following U||, §2(i)], we may view Ae as the space of L\ connections A on the PU(2) = 
SO(3) bundle su(E). We shall pass back and forth between these viewpoints, via 
the fixed connection on det E, relying on the context to make the distinction clear. 
Explictly, if A is a unitary connection on E and s G Q°(X,E), then V A s G Q 1 (E). 
For C G n°(X,u(E)), then V^C e ^(X^E)) is determined by 

(V A ()s = V a (Cs)-C(Vas), 

so, if y4 T G fi 1 (?7, u(2)) denotes the local connection matrix defined by a choice of 
local frame for E over an open subset U C X, then 

\7 A s = ds + A T s, 

VaC = d( + [A T , (]=d( + (adA T )(. 

Similarly, the connection A on E induces connections on su(E) and det E. For ex- 
ample, if £ G fi°(X,5u(£')), then Va£ G Q l (X,su(E)) is also given locally by 

Va£ = d£ + [A\ £] = d£ + [(^)o, £] = rfCo + (ad^)Co, 

while if A G fi°(X, det J5) then V A A G fi^X, det E) is given by 

V A A = dX + (tr v4 T )A. 

The above local connection matrices are related by 

A T = (A T ) + ±(trA T ) id C 2 g Q\U,u(2)), 

where {A T ) = A T — A T ) \d^z C Q l (U, su(2)) is the traceless component of A T while 
ti A T C u(l)) = zR) is the induced local connection form for det E given 

by the trace component of A T . Note that (A T ) G su(2)) and that &d(A T ) = 

&dA r G n 1 (L r , so (3)) is the induced local connection matrix for the SO (3) bundle 
su(E), where we use the standard identification so (3) = ad(su(2)). 

Conversely, given a unitary connection A e for det E and a Riemannian connection 
A for su(-E'), we obtain a unitary connection for £" given in terms of local connection 
matrices by 

A T = ad" 1 ^) + |A;id C 2 G fi 1 (f/,u(2)). 
The curvatures of these connection matrices are related by 

F A r = a d-\F A A + \F Al id c2 G n 2 (U,u(2)), 

with F At G tt 2 (U,so(3)) and F A r g fi 2 (t/,u(l)). Thus, (F A r) = ad _1 (F AT ) and 
trF A r = F Al = F(tv A ). Therefore, globally we have (F A ) = ad~ 1 F A G n 2 (X,su(E)) 
and trF A = F Ae G fi 2 (X,u(l)) = tt 2 (X,iR), so that 

F A = ad" 1 ^) + \F Ae id E G Q 2 (X,u(E)), 

as u(£?) = su(£) © (iK) id s . 

When we are not explicitly discussing connections which are reducible with respect 
to some splitting of E, it is generally more convenient to view our connections as being 
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defined on su(E) rather than E as we can then avoid explicit mention of the other- 
wise unimportant choice of fixed connection on det E. Of course, these viewpoints 
are equivalent via the choice of this fixed determinant connection. The isomorphism 
ad : su(E) — > so(su(E)) will remain implicit when no confusion can arise so that, 
given a connection A on su(E), we write its curvature as Fa G Q 2 (su(E)) and asso- 
ciated deformation complexes on Q'(su(E)) rather than Fa G Q 2 (so(su(E))), with 
deformation complexes on D,' (so(su(E))) (see |3(], Chapter 10], for comparison). 



2.1.2. Spin structures. The minimal, axiomatic approach to the definition of spin c 
structures and the Dirac operator employed by Kronheimer-Mrowka [03 and Mrowka- 



Ozsvath-Yu |56] is extremely useful for our purposes, so this is the method we shall 
follow here. 

Recall that a real-linear map p + : T*X — > Hom(W + , W~) defines a Clifford map 
p : A'(T*X) © C -> End(W), with W : = W + © W~, if and only if |7|, |77| 



(2.1) p+(a)V+(a) = #(a,a)id w+ , a 6 C°° (T*I), 

where g denotes the Riemannian metric on T*X. The real-linear map p : T*X 
Endc(W /+ © W~) is obtained by defining a real-linear map 

p_ : T*X -> Hom(^-, W + ), a ^ p_(a) := -p+(a) t , 

and setting 

< 2 - 2 > == U) "f : 

This extends to a linear map p : A*(T*X) © C — ► End(W /+ © W 7- ) and satisfies 

(2.3) p(a)t = _ p ( a ) an d p(a) j p(a) = g(a, a)id w , aeC°°(T*X). 

A unitary connection V on IF and ^-compatible Clifford map p induces a unique 
SO (4) connection V 9 on T*X by requiring that 

(2.4) [V v ,p(a)] = -p(V 9 ri a), 

for all rj G C°°(TX) and a G fi 1 (X, R). (As in |66| , we use a minus sign on the 
right-hand side of ( |2.4|) since our basic Clifford map and Dirac operator are defined 
using Clifford multiplication by one-forms rather than the more traditional tangent 
vectors of |57| or [[77).) The unitary connection V onW uniquely determines a unitary 
connection on det W + ~ det W~ in the standard way Conversely, the preceding 



data uniquely determines a unitary connection V on W . The connection V on If is 
called a spin connection if the connection V 9 on T*X is also torsion free, that is, if 
V 9 is the Levi-Civita connection for the metric g. 

Given a unitary connection A on an auxiliary Hermitian two-plane bundle E, we 
let Va denote the induced unitary connection on W © E. The corresponding Dirac 
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operator D A is defined by 

4 

D A :=^p(^)V^ 



<7< ' 

M=l 



where {f M } is a local frame for TX and {f^ 1 } is the dual frame for T*X defined by 

v^Vft) = 8 ^ 

2.1.3. Pre- configuration spaces and automorphism groups. We denote A* := A'(T*X). 
For any fixed L\ connection G we therefore write 

A E = Ao + LKA 1 ®su{E)), 

for either fixed-determinant, unitary connections on E or determinant-one, orthogonal 
connections on su(E). Our pre- configuration space of pairs is given by 

C w ,e -=A E x Ll(W + (g) E), 

and for any fixed L\ pair (A , $ ) e C^e, we have 

(2.5) C W)E = (A , %) + L 2 k (A l ® su(E)) © L 2 k {W + ® E), 

for the cases of either fixed-determinant, unitary connections on E or determinant- 
one, orthogonal connections on su(E). 

Given any C°° connection A e Ae, our Sobolev norms are defined in the usual 
way: for example, if a € Q 1 (su(E)), we write 

\j=0 

and if (a, 0) e fi 1 (su(E)) © Q°{W + ® E), we write 



II(M)Hl W x) := (iMIif W + (X)) 



i/p 



for any 1 < p < oo and integer I > 0. 

For convenience, we let z'Rz = idea C u(2) denote the center of the Lie algebra 
u(2) and let 5| = exp(iR z ) C U(2) denote the center Z(U(2)) of the Lie group U(2) 
given by 

(2.6) iR z = ( M °n) :0e r) and S\ ^ (< '" ° 



Following Jl8j, §2] we consider the induced action for connections on su(E) by the 
group Qe of determinant-one, unitary automorphisms of E rather than the group 
Gsu(E) of determinant-one, orthogonal L\ +l automorphisms of su(E) even to define 
quotient spaces of connections on su(E). The reasons for this choice are explained 
further in 12131; see also §12.31. We have 



Qe '■= {u G Ll +1 (gl(E)) : u*u = idg and detw = 1 a.e.}, 
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and 

°Qe '■= S z X{±id E } Qe- 

One can define the action of °Qe on Ae either by push-forward or pullback and 
one obtains equivalent quotient spaces in either case, but the choice does affect the 
orientation of moduli spaces so we specify the action here: for u (z°Ge arid (A, $) G 
C\y,E, the action of °Qe is defined by 

u(A,<$>) := (u(A),u<S>) = (u*A,u<£>) = ((u^yA, u<S>). 



The push-forward action, u(A) = u*A, agrees with the conventions of |9|, ZD[ . For the 
associated covariant derivative Va on E and u G Aut E, we have 

V U (A) = uoV A ° iT 1 , 

so that u(A) = A — (Va^u -1 . In terms of a local connection matrix A 1 " G Q l (U, u(2)), 
this gives u(A T ) = uA T u^ 1 — (du)^ 1 , where we use u to denote both the gauge 
transformation and the element of Q°(U, U(2)). 

In order to define quotients by the action of °Qe, we need to choose k > 2, so gauge 
transformations are at least continuous. The proof of the following proposition is a 
standard application of the Sobolev multiplication theorem: see PU| , Props. A. 2, A. 3, 
A.9]. 

Proposition 2.1. Let X be a closed Riemannian four-manifold, let E be a Hermitian 
vector bundle over X, and let k > 2 be an integer. Then the following hold. 

1. The space °Q E is a Hilbert Lie group with Lie algebra T id °Q E = L 2 k+l {sn{E)) © 

iRz; 

2. The action of°QE on Cw,e is smooth; 

3. For (A, $) G Cw,e, the differential, at the identity id# G °Qe, of the map °Qe — > 
C\y,E given by w 1— » u(A, $) = (A — (dAu)u~ l , w$) is ( 1— > —d A := (— g^C 

as a map 

L 2 k+l (su(E)) © iR z -> ^(A 1 © su{E)) © L 2 k (W + © E). 

We denote Be = Ae/Qe = Ae/°Qe- The configuration space of pairs is given by 
Cw,e '■= C\v,e/°Ge, that is, 

C w ,e := x L 2 k (W + © £?)) = A E x°g E L 2 k {W + © E), 

and is endowed with the quotient L\ topology. 

If 7r denotes the projection Cw,e — > C\v,e, a base for the quotient L\ topology of 
Cw,e is given by open subsets 7r _1 7r(i?( J 4,<i.)(e)) D 5( J 4,$)(^), where _B(a,<i>) (e) is the 
L^-ball of radius e and center (A, $) in Cwe given by {(^4i, $1) G Cw£ : \\(Ai, $1) — 
(A*)Hl| a <£}- 
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2.1.4. Stabilizers. The space Cw,e is n °t a manifold — it has singularities at points 
[A,&] with non-trivial stabilizer Stab^,* C °Qe- Recall that the stabilizer subgroup 
(of the group of bundle automorphisms) for a connection on a G bundle always 
contains the center Z{G) C G [|(], §4.2.2]. We let S\ C °Qe denote the constant, 
central automorphisms of E. 

Definition 2.2. Suppose (A, $) is a point in Cw,e- The stabilizer StabA,$ C °Qe of 
(A, $) in °Q E is given by {7 G : 7 (A, $) = (A, $)}, while the stabilizers of A and 
$ are denoted by Stab a and Stab$, respectively. 

1. The point (A, $) is a zero-section pair if $ = 0; 

2. The point (A, $) is an irreducible pair if the connection A has minimal stabilizer 
Stab^ = Z(U(2)) =5^C% and is reducible otherwise, that is, if Stab^ D S\. 

The point (A, $) is a reducible, zero-section pair if (A, $) is both a reducible and 
zero-section pair. 

As usual, the stabilizer subgroup Stab^ C °Qe may be identified with a closed 
subgroup of XJ(E Xo ) ~ U(2) for any point xo G X by parallel translation with respect 
to the connection A |20], §4.2.2], ||61|| . The following lemma implies that the stabilizer 
in AutE of a unitary connection on E coincides with its stabilizer on °Qe- 

Lemma 2.3. Let E be a Hermitian two-plane bundle over a connected four-manifold 
X , let A be a unitary connection on E, and let u be a unitary automorphism of E 
such that u G Stab^ C Aut E. Then det u : X — > S l is a constant map. 

Proof. The gauge transformation u may be viewed as an Ad-equivariant map u : 
P U(2), where E = P x u(2) C 2 , so det u may be viewed as a map from P to 
S 1 . Since detu is constant on the fibers of P, it descends to a map on X. Over a 
small enough open set U C X, we may write u = exp£, where ( G Q°(a,dP) and 
adP := P x ad q ~ u(E), with G = U(2) and g = u(2). Differentiating the action of u 
on A we see that VaC — 0, so ( is covariantly constant over U. Then det u = exp(tr £) 
and V(dettt) = tr(V^C) = 0> so detw is constant on U and thus on X, since X is 
connected. □ 

For a pair (A, $) on (£, © £) or (su(£), H /+ <g> the Lie algebras of Stab a 
and StabA,$ are given by 

H° A := Ker{d A : L 2 k+1 (su(E)) © «R Z -> L^A 1 © su(£))}, 

# Ai<& := Ker{< $ : L 2 +1 (su(£)) © -> L^A 1 © su(£)) © L^A 1 © W + © £?)}. 

The first identification is standard (see |2C], §4.2.2], |30], Chapter 3], or |6T| ) and the 
second follows by the same argument. 



From [p0| , §4.2.2] and p0| , Theorem 10.8] we have the following characterization of 
the stabilizer Stab# C Qy = Aut V of a connection B on an SO(3) bundle V. Note 
that the four-manifold X below need not be simply-connected or closed and that 
H B = Ker{d B : L 2 +1 ( S o(V)) - ^(A 1 © so(V))}. 
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Lemma 2.4. Let B be an orthogonal connection on an SO(3) bundle V over a con- 
nected smooth four-manifold X . The following are equivalent provided B is not flat: 

1. Stab B ^ SO(2) ~ S 1 ; 
2- H° B ^ 0; 

3. B is reducible with respect to an orthogonal splitting V — N © where N is 
a complex line bundle over X and | = IxR (that is, B reduces to an SO (2) 
connection) ; 

4. Stabg ^ {icV}. 

Finally, B is flat if Stab# = SO(3). 

Remark 2.5. Note that the 'twisted reducible' (that is, locally reducible) connec- 
tions on su(E) discussed by Kronheimer and Mrowka in §2(i)] are globally irre- 
ducible in the sense that they have minimal stabilizer {id su (£)}. The condition that 
B is not flat is used in the proof that (4) implies (1) |30|, p. 48]: The stabilizer Stab^ 
is isomorphic to the centralizer of the holonomy group Hol^ so, if Stab# D S 1 , then 
Hols C S 1 and hence Hole is discrete. Since the Lie algebra of Hol# vanishes, the 
Ambrose-Singer holonomy theorem implies that the connection B is flat. In particu- 
lar, we only need X to be a connected four-manifold for these arguments to hold. 

As customary, we call an SO(3) connection B on V irreducible if Stabs = {idy}. 
We say that a unitary connection A on E is projectively flat if the induced connection 
A ad on su(E) is flat. By modifying the proofs of Theorem 3.1 in [30] and Proposition 
II. 8. 10 J5S| , we obtain the following relation between (i) the stabilizers Stab^ in °Q E 
of U(2) connections A on E or their induced SO (3) connections A ad on su(E) and 
(ii) the stabilizers Stab^ad in Q su (e) of SO (3) connections A 34 on su(E). 

Lemma 2.6. Let A be a U(2) connection on a Hermitian two-plane bundle E over a 
smooth, connected four-manifold X and let A &d be the induced SO(3) connection on 
the bundle su(E) . Then the following are equivalent: 

1. Stab^ad ~ S 1 ; 

2. Stab A ~ S 1 x S\; 

3. H° A ~ iR®iR z ; 

4. H° A<S> D iR z ; 

5. A is reducible with respect to an orthogonal splitting E = L\ © L 2 , where Li 
and L 2 are complex line bundles over X (that is, A reduces to a T 2 = S 1 x S 1 
connection) ; 

6. Stab^ ^ 

Finally, the connection A on E is projectively flat (or the connection A ad on su(E) 
is flat) z/Stab A = U(2). 

Proof. (1) (2): Let vr : U(2) -> SO(3) = U(2)/S 1 Z be the projection u i-> 

±(det u)~ x l 2 u. Then 7r _1 (Stab j4 ad) ~ Stab^ad xS z and so Stab^ad ~ S 1 implies that 
Stab A ~ S l x S\. 
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(2) =► (3) 

(3) =► (4) 

(4) =► (5) 



Immediate from the identification of H A as the Lie algebra of Stab A . 
Trivial. 



We argue as in the proof of Theorem 3.1 in [|30|. Note that Ker{<i A : 



L 2 k+1 (X,u(E)) -> fi 1 (X,u(E))} is isomorphic to 

Ker{d A : L 2 k+1 (X, Su(E))} © Ker{rf : L 2 k+1 (X, iR z )} 

= Ker{d A ad : L 2 k+l {X , su{E))} © iR z . 

Given (4), we may choose ^ ( G Ker{d A : L k+1 D,°(X,su(E))}. The pointwise 
traceless, skew-Hermitian endomorphism ( of E has eigenvalues i\i,iA2 = ±«A for 
some ^ A G L k+1 (X, R). On the open subset of X where A ^ 0, let j — 1, 2, be 
L 2 k+l eigenvectors of ( such that C(£j) — an d (£j,£k) = $jk- Just as hi p. 

47], we find that A is constant, the eigenvectors £j are globally defined and d A £j = 
for j = 1,2. In particular, we have an orthogonal splitting E — L\ © L2, where 
Cj -^l+iP^> -E") is a section of Lj and d A = d Al © d Ai with respect to this splitting, 
so this gives (5). 

(5) =>- (6): Given (5), the connection A reduces to A\ © A 2 with respect to the 
splitting E = Li © L 2 and so has stabilizer x S 1 ^, where we identify the constant 
maps in Map fc+1 (X, S 1 ) with Si for % = 1, 2. Since S£ x Si 2 ~ S 1 x , this gives 
(2). 

(6) =>- (1): Given u G Stab A and u S z , we obtain u% = ±(detw) 1//2 w G 
Stab^ad. (By Lemma ^3| , the determinant detw is a constant map.) If U\ = id su (E) 
then we would have U\ = iid^ and u = ±(detw) 1 / 2 ni G S z , so «i 7^ id su (E). There- 
fore, Stab^ad D {id su (£)} and Lemma ^| implies that Stab^ad ~ S 1 . 

Lastly, A is projectively flat if Stab^ad = SO (3) (by Lemma |2.4| ) and Stab^ad = 
SO(3) ~U(2)/S^ if and only if Stab A = U(2). □ 

The equivalence of (1) and (2) above can alternatively be seen by noting that 
#° ad ~ iR if and only if H A ~ iR © iR z , so Stab Aad ~ S 1 if and only if Stab A ^ 
S 1 x Si. 



From Lemmas |2.4| and |2.6| we see that A is an irreducible U(2) connection if and 
only if A ad is an irreducible SO(3) connection. Note that Stab Ai $ = Stab A D Stab$. 
The stabilizer Stab Aj $ of a zero-section pair (A, $) contains S l z . The stabilizer Stab A; $ 
of a reducible pair (A, <3>) need not contain the stabilizer Stab A since Stab A may not 
fix $. 

We write C^ E (respectively, C^e) f° r the complement of the reducible pairs (re- 
spectively, zero section pairs) in Cw,e and let = C\ve ^ &we- ^he quotients 
Cw t Ei ^w,ei an d Cwe are similarly defined. 

If (A, <&) G C^>°£, then Stab^,* = {id_E}, as the stabilizer of an irreducible connection 
A will be S\ and if S\ stabilizes the section $ then e ie $ = for all 9 G R and so 
$ = G L k (X, W + © E) (note that $ need not be continuous). Therefore, °Qe acts 
freely on C$e anc ^' as we shall see in the next section, the quotient C^ E is a Banach 
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manifold. Conversely, if (A, $) is a PU(2) monopole, A is reducible, and $ ^ 0, then 
Lemma |5.22| implies that Stab^,* — S 1 . 

2.2. A slice for the action of the group of gauge transformations. Let k > 2 

be an integer. The slice S A ^ C Cw,e through a pair (A, $) is given by Sa,<i> := 
(A, $) + K Aj $, where 

(2.7) K A ^ := Kerd^ c ^(A 1 ® su(£)) © <g> £) 

If 7r is the projection from Cw,e onto Cw,e = C\v,e/°Ge, denoted by (A, $) i— > [A, <£>], 
we let 

be the open L\ ball in Sa,$ with center (A, $) and radius e, so that 

B A ,*(e) := {(Au*!) E S A ,„ : IK^,^) - (A^)IU^ < 4 
= (A,$) + {(a,0) G K A ,$ : ||(a,0)|| L 2^ < e}. 

The Hilbert Lie group has Lie algebra £f +1 (su(E)) ®iR z C L 2 k+1 (su(E)) and 
exponential map exp : L% +1 (s\i(E)) © iRz ^ °Qe given by £ h- >• -u = exp£. Let 
Stab^ $ = exp((Ker dP^)^) C £?£, where 

(Ker^U^)) 1 = Im(^| L , +2 ) C Ll +1 (su(£)), 

noting that 

: Ll +2 Sl\su{E)) -> L| +1 (su(£7)) © g> J5) 

has closed range. Recall that Stab^,* C °Qe is given by {7 G : j(A, $) = (A, $)} 
and has Lie algebra H A ^ = Ker(d A ^\ L 2 ) C Lf. +1 (su(E)) © «R^, so that 

(2.8) Ll +1 (su(E)) ®iR z = (Keridl^J) 1 ® H° A ^. 

The subspace Stab^ $ C is closed and is a Banach submanifold of °Ge with 
codimension dimiY^ $ . 

The map d° A ^ : l| +1 (su(£)) © tR z -> L^A 1 © su(£)) © © £) has closed 

range and so we have an L 2 -orthogonal decomposition 

(2.9) T a ^C w ,e = lm(d° A ^\ Ll+i ) © K4,$ 

of the tangent space to the space of L\ pairs at the point (A, $). 

The proof that the quotient space Cw,e is Hausdorff and our later proof of removable 
singularities for PU(2) monopoles make use of the following well-known technical 
result pg, Proposition 2.3.15], 0, Proposition A.5], f5|, Theorem II.7.11]. Note that 
the space of L\ unitary automorphisms of E is neither a Hilbert Lie group nor does 
it act smoothly on the space of L\ unitary connections on E. 
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Lemma 2.7. Let E be a Hermitian bundle over a Riemannian manifold X and let 
k > 2 be an integer. Suppose {A a } and {B a } are sequences of L\ unitary connections 
on E and that {u a } is a sequence of unitary automorphisms of E such that u a (A a ) = 
B a . Then the following hold. 

1. The sequence {u a } is in L\ +x ; 

2. If {Aa} and {B a } converge in L\ to limits A^, B^, then there is a subsequence 
{a'} C {a} such that {u a /} converges in L 2 k+l to Uoo and = m O0 (A oo ). 



The following slice result was established by Parker ||70|| ) but only for pairs which 
are neither zero-section nor reducible; see also |J. It is, of course, the analogue of 
the usual result for the topology and manifold structure of the configuration space 
Be = Ae/Qe of connections. The proof we give here is modelled on the corresponding 
arguments for connections given in Proposition 2.3.4], Theorem 3.2 & 4.4], 
and [56, Theorem II. 10.4]. We will ultimately need a rather more involved version of 
this method in order to show that our gluing maps are diffeomorphisms, so we give 
the argument in the simpler model case below in some detail and establish some of 
the notation and conventions we later require. 

Proposition 2.8. Let X be a closed, oriented, Riemannian spin c four-manifold, let 
E be a Hermitian two-plane bundle over X , and let k > 2 be an integer. Then the 
following hold. 

1. The space Cw,e is Hausdorff; 

2. The subspace C^e c Cw,e is open and is a C°° Hilbert manifold with local 
parametrizations given by n : B^ 0j $ (£) — > C^e f or sufficiently small e = 
e(A ,<5> ,k); 

3. The projection it : C^e ~^ ^we i s a principal °Qe bundle; 

4. For (Aq, $o) £ Cw,e, the projection tt : Ba ,$ (£)/ StabA ,$ — > Cw,e is a home- 
omorphism onto an open neighborhood of [Aq, $o] £ Cw,e an d a diffeomorphism 
on the complement of the set of points in B^ 0i $ (e) with non-trivial stabilizer. 

Proof. The stabilizer StabA ,$ (which we can identify with a Lie subgroup U(2)) 
acts freely on °Q E and thus on the Hilbert manifold °Qe x S,a 0) $ by (u, A, $) i— > 
7 • {u,A,$) = (m7" 1 ,7(A, $)) and so the quotient °Q E x S tab Ao , So is a S ain a 

Hilbert manifold. We define a smooth map 

* : °Ge x S tab. 4o , 4>0 S Ao ^ -> C W)E , [u, A, $] ^ u(A, $). 
Our first task is to show that the map ^ is a diffeomorphism onto its image upon 
restriction to a sufficiently small neighborhood °Qe x stab Ao * ^A ,*o( e )- Given 6 > 0, 
let B id (S) be the ball {u e °Q E ■ \\u - id E || X 2 < 5} and let B^(5) = B id (S) n 

^ ta bA ,* - 

Claim 2.9. For small enough 5 = 5(Aq, <&q, k), the ball B 1( i{S) is diffeomorphic to an 
open neighborhood in B^(S) x Stab^ 0) $ , with inverse map given by (u , 7) 1— > u — uqJ. 
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Proof. The differential of the multiplication map 

Stab^ o $o x Status -> °G E , (u , 7) h-> w o7 , 
at (ids, ids) is given by 

Ker^^J^) 1 © H° A ^ -> Ll +1 (su(E)) (£ X ) - C + X, 

and is just the identity map with respect to the L 2 -orthogonal decomposition fl2.8|) of 
the range. Hence, the Hilbert space implicit function theorem implies that there is a 
diffeomorphism from an open neighborhood of (ids, ids) onto an open neighborhood 
of ids G °Qe- For small enough 5, we may suppose that if u G B\&(5), then u can be 
written uniquely as u = m 7 with u G B^(5) and 7 G Stabyi 0j $ . □ 

Claim 2.10. For small enough e = e(A , $ , k), the map ^ is a diffeomorphism from 
°Qe x S tabA ,* B A ,-fo( e ) onto its image in C W:E . 

Proof. We first restrict the map f to a neighborhood B id (5) x StabAQ So S,a 0) $ , which 

is diffeomorphic to the neighborhood B^(5) x Sa ,$ in Stab^ Q $ xSa ,$ by Claim 
|2.9| . The differential of the induced map 

* : Stabi 0i$0 xS Aoi$0 -> C W) s, (u, A, $) i-> $), 

at (ids, A), $0) is given by 

(£ ) *)(id,A ,*o) : ^id Stab^ $o ©T^ 0i $ Syi 0j $ — > 7a $ Cvi/,e, 
(C,«,0) -d^o,* C+ (a,0), 
where we recall that Ta ,® Sa q ,<s> = Ka ,$ and 

T id Stab^ 0$0 = (Ker(4 ,$ U| +1 )) X = Im(^* 4 Ji| +2 )- 
Using the L 2 -orthogonal decomposition ( |2.9|) of the range we see that the map 

-<o,#o © id ^ : ( Ker « ,*oU 2 fc+1 )) ± © K Ao,*o -> Im «o,*ol^ +1 ) © K ^o,*o 

given by ((,b,ip) i— ► — g?^ $ C + (^VO is a Hilbert space isomorphism. So, by the 
Hilbert space implicit function theorem, there are positive constants e = e(Aq, $0, k) 
and <5 = 5(A , $o> an d an open neighborhood Ua ,$ C Cw,£ such that the map 

* : B^(5) x B Aoi$0 (e) ->Z4o,» , (m,A,$) ^ M (A,$), 

gives a diffeomorphism from an open neighborhood of (ids, A)> 3>o) onto an open 
neighborhood of (A , $ ). In particular, we obtain a map Wa 0i $ — > Stabj[ o $ , given 
by (A, $) i — > it = ma,*, such that 

*-\A,$) = fau-^A,®)) G x B Ao ,z (e) c Stab^ xB, oA (e). 
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Hence, for any (A,&) G Ua ,<s> there is a unique u G B^(5) such that u _1 (t4, <3>) — 
(A ,$ ) e K^,^: 

(2.10) dSUCtr 1 ^!, $ i) - (A), %)) = 0. 

The neighborhood B^ 0i $ (£) is StabA ,$ -invariant: if (A, $) G B J 4 ,* (e) and 7 G 
Stable ,* ' ^en 

117^, $0 - (A, $) |U = || (A x , $0 - 7 ~ 1 (A $) || L2 

= ||(A 1 ,<|. 1 )-(A$)IL?. <e, 



' 2 



and 

<*,# *) - (Ab So)) = 7 (<-Vo,* ) $ ) - 

= 7(4o%o((^ $ )-(^o,$o)))=0, 

so 7(i,$) G B^ O)0o (e). 

The group °£/£ acts on °£/# x Sa ,$ by (w, A, $) (vu, A, $), and so gives a 
diffeomorphism 

£ id (<T) x B Aoj$0 (£) -► S„(<y) x B Aoi$0 (e), (u, A, $) -> (w, A, $), 

and as this action commutes with the given action of Stabyi 0i $ , it descends to a 
diffeomorphism 

B id {5) x StabAo $o B A(h<s>0 (e) -> x Sta b Ao , So B^^e), [«, A, $] -> [w, A, $], 

for each t> G Consequently, the °(?£-equivariant map 

is a diffeomorphism onto its image, as desired. □ 

Plainly, [y(A, $)] = [A, $] for each 7 G StabA ,$ and (A, $) G B^ 0) 4 (£) and hence, 
the projection 7r : B^ ( $ (e) — > Cw,e factors through B^ 0i $ (e)/ Stab^^. 

Claim 2.11. There is a positive constant 5 = 5(Ao,<&o,k) with the following sig- 
nificance. If (Ai,<&i) G Ba , <£ ( £ ) / or * = 1, 2 and t/iere is a gauge transformation 
u G -Bid(<5) stxc/i t/iat m(Ax, $1) = (A 2 , $2); ^en w G StabA ,* . 

Proof. For small enough 5, Claim ^]9| implies that u G Ad(^) can be written uniquely 
as u = «i7 with u\ G -8^(5) and 7 G Stab^ 0> $ . Thus, (A 2 ,&2) — Ui r y(A 1 ,§ 1 ) G 
Ba ,*o( £ )- But the neighborhood B J 4 0) $ (e) is Stab^ 0j $ -invariant, so we also have 
7(^1, $1) G B J 4 0) $ (e). Therefore U\ = id# by the uniqueness assertion of Claim O 



and so u = 7 G Stab^ Oj o . This completes the proof of the claim. □ 

Claim f2.11| shows that B^ 0i $ (£)/ StabA ,$ injects into the quotient Cw,e modulo 
the assumption that the gauge transformations are close to id#. It remains to show 
that if (Ai, $j) G B J 4 0i $ (e) for i — 1,2 and there is a gauge transformation u <E °Ge 
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such that 1^(4, $1) = (A 2 ,<E> 2 ), then u is necessarily close to id E and hence that 
Ba ,* ( £ )/ Stabvi ,$ injects into the quotient Cw,e- 

Claim 2.12. For small enough e(A ,$o); the projection n : B^^^e)/ Stab,i ,$ — > 
Cw,e is injective. 

Proof. Suppose (A, $*) e B A()i $ (e) for i = 1,2 and that [4,$i] = [4, $2] e 
so that u{Ai, $i) = (A 2 , $ 2 ) for some u E°Ge- 

Since w(A ) = A — (rf Ao -u)-u _1 , we see that u G StabA ,$ if and only $ Q tt = 
(eUo w ; — m$ ) = (0, — $o) or ) equivalently, if and only if g^o.^o^ — = 0> srnce 
id s G Stab^ 0! $ . Here, we view u G L\ +1 (q[(E)) via the isometric embedding °Q E C 
L^ +1 (g and write 

u - id £ = m - 7, 

where tt £ (Ker o?° o ^J -1 and 7 G Kerrf° o$o . Our first task is to estimate ||u — 

id *k v 

By assumption, $ 7 = (c?a 7, 7^) = 0, so c?a 7 = an d 7^0 = 0. Since 
«(4) = A 1 — (d^uju -1 = A 2 , we have A 2 u = Aiu — d Al u = Aiu — d A() u — \A\ — A , u], 
and therefore, using d Ao id E = = g?a 7, we have 

o?a mo = d Ao u = u(Ai - A Q ) - (A 2 - A Q )u. 

As d* Ao (Ai - A ) = (-$ )*(^i - $0), we obtain 

d\d Ao UQ = - * (d Ao u A *(Ai — Aq)) + ud^A-t - A ) 

- (d* Ao (A 2 - Aq))u + *(*(A 2 - Aq) A d Ao u) 
= - * (d Ao u A *(A 1 - Aq)) + u(-$ )*($i - $0) 

- ((-$ )*($2 - &o))u + *(*(A 2 - Ao) A d Ao u ). 
We define the Laplacian A^ o$o by setting 

Now uo = u — ids + 7 and d Ao idE = = d Ao j and 7$o = so, using u$i = $ 2 , 
4,*„"o = A^ iSo («-id B + 7) 

= d^d^u - id B + 7) + (•$())*(« - id s )$o 
= d^ o d Ao u + (.$ )*(u$o - «$i + «$i - $0) 
= d* Ao d Ao u + {■%)* (u($ - $0 + ($ 2 - $ )) • 

Our assumption that (4j$i) G B A()i $ (e) and the embeddings L\ C L 2 imply that 
for « = 1,2 we have 

11(4, $0 - (A,$o)IU U < II (4,$*) - (A ,%)\\ l1aq < e, 

Since -u £ (Ker d^ o ^J- 1 , the standard elliptic estimate for the Laplacian A^ o$o , the 
fact that \u\ = 1 as u G the Sobolev embedding L 2 C L q , 2 < g < 00, and 
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multiplication L\ x L\ — * Lf, and our expression for d* Af) d Ao u = d* Ao dA o u combine to 
give 

\\u \\ l1ao < C\\A Ao ,* u \\lI Ao 

< C\\d Ao d Ao u \\ LlAo + C\\(-%y(u(% - *i) + ($2 - $o))IU fiAo 

< CH^nolU^dl^ - A \\ l1ao + \\A 2 - Ao|U U ) 

+ CIMIxg^ l^oll^dl^i " $o||lI >Ao + 11*2 " $o|U U ) 
^Glluoll^e + Crilull^ll^oll^e 

< C||wo||l2 e + C||$o|U» e, 

3,A 2, An 

for some constant C = C(Ao, $o). For small enough e we can rearrange the preceding 
inequality and use the Sobolev embedding L\ C C° to give 

||«o|Ua <C||$o||l2 £ and ||w || c o < C||$ || L 2 e. 

Therefore, as |w| = 1, we have the pointwise bounds 

1 - |«o| < |ide - t| < 1 + |w Q |, 

and thus, for e small, \id E — 7| > 0; the pointwise norm of z = \id E — 7I is constant 
since dA (id E — 7) = 0. Consequently, 70 = z -1 (idE — 7) lies in °Q E : clearly, <i4 7o = 0, 
so 70 G Stab^. If $ = 0, we trivially have 70 G Stab$ ; if $ ^ 0, then the equalities 
Ito^o I = |^o| (as 70 is a unitary gauge transformation) and 7o$o = (id^; — 7)^0 = 
z^^-^o, so |7o$o| = 2; _1 |^o|, imply that z — 1 (it is enough to have equality of L 2 
norms here as z is constant). Hence, we also have 70 G Stab$ and in particular, 
70 G StabA ,<i> = Stab^ flStab$ - 

We now write 7 ~ 1 u = 7 ~ 1 Mo + 7o~ (ide — 7) = I^Uq + zid E , so that 

70^1 - id E = {z- l)id E + ^uo- 

Clearly, (z — l)id E G Ker<i^ o $ by the remarks of the last paragraph, while 7 ~ 1, Uo G 
(Kerd° Ao ^ Q ) x since u G (Ker d ^ ^) 1 - and % 1 G Stab Ao ,<i> . Similarly, 7 ~ 1 u(A, $1) = 
7 " 1 (y4 2 ,$2) G B J 4 0i $ (e), as the neighborhood Byi 0) $ (e) is Stab a , ^-invariant. Thus, 
replacing u by % l u and (A 2 , $2) by (A 2 , $2) = 7o~ 1 (^2, ^2) in our estimate for 
Mo yields 

||7o < C\\%\\ L 2 e, 

3, An 2, An 

while \z — 1| < || wo || c° < CII^oIIl^ £, so we find that 

HTo-^-icMI^ <C\\^\\ LlAo e. 
If e is small enough that C||$o||l 2 e < 5, where 5 = 5(Aq, $0) is the constant of 
Claim pTTT| with k = 2, then 7^ u G StabA ,3. and so u lies in Stab^ ,4. , as desired. □ 



Claim 2.13. The quotient space Cy/,E is Hausdorff. 
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2.3 



Proof. Let T be the subspace {{(A, $), u(A, $)} : (A, $) G Cw ijE and u G °Ge] of 
Cw,e x Cw,e- If {(A*, $o),Mo(^4a, &a)} is a sequence in T which converges in L\ to 
a point {(Aoo, $00), (-Boo, ^00)}, then Lemma ^]7| implies that there is a subsequence 
{a'} C {a} such that {u a } converges in L\ +l to Uoo <E °Ge and Moo(^4oo) = -Boo- 
But then v^a' converges in L\ to Moo^oo and so \lZoo = Mqo^oo. Thus, (-Boo, ^00) = 
Moo(^4oo, $00) for some G °Ge, so T is closed and the quotient Cw,e/°Ge is Haus- 
dorff. □ 



Claim [2.13| gives Assertion (1) of the proposition and Assertions (2), (3), and (4) 



now follow from the preceding arguments and Claim 2.12. This completes the proof 



of the proposition. □ 

Remark 2.14. (1) Alternatively, one can show that the quotient L\ topology on 
Cw,e is metrizable via the L 2 metric (exactly as in Lemma 4.2.4]) and thus Cw,e 
is Hausdorff. 

(2) As Mrowka pointed out to us, one can sharpen the assertions of Proposition 
|2.8| , at least for the quotient space Be'- one finds that charts are provided by L 4 -balls 
in Kercf^ rather than the much smaller L\ ^-balls usually employed; see fl22"| . 

It is convenient to extract the following global, Coulomb gauge-fixing result (anal- 
ogous to Proposition 2.3.4 in |20|]) which we established in the course of proving 
Proposition |2.8| : 

Lemma 2.15. Let X be a closed, oriented, Riemannian spirf four-manifold and let 
E be a Hermitian vector bundle over X . Suppose that k > 2 is an integer and that 
(A , $ ) £ C\v,e- Then there is a positive constant e = e(A , $ , k) such that for any 
(A, $) G C w ,e with 

||(A,$)-(Ao,$o)IU|^(x) <e, 

there is a gauge transformation u (z°Ge, unique up to an element o/Stab^ 0i $ o; such 
that 

4^( M (A,$)-(4$ )) = 0. 

2.3. Connections on SO(3) bundles and groups of gauge transformations. 

For some local patching arguments over simply-connected open regions Y C X in §||] 
and §[| it is very useful to be able to lift gauge transformations in G SU {E)(Y) to gauge 
transformations in Ge{Y). The following result tells us that this is always possible 
when Y is simply connected; it is an extension of Theorem IV. 3.1 in from SU(2) 
to U(2) bundles. 

Proposition 2.16. Let E be a Hermitian two-plane bundle over a connected mani- 
fold X . Then there is an exact sequence 

1 -> {±id E } ^Ge^ G M e) -> H\X; Z/2Z). 
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Proof. Let P be the U(2) principal bundle underlying E so P ad = PjS\ is the SO (3) 
principal bundle underlying su(E). We can view elements of Qe as maps u : P — > 
SU(2) satisfying u(pg) = g~ 1 u(p)g for p G P and (7 G U(2), and similarly for elements 
of ^su(e). The map Ge —> Qsu(e) is then given by tt — > Adu. Because X is connected, 
the kernel of this map is {iid^}, giving the exactness of all but the last terms in the 
sequence. 

Let v 2 G P 1 (S0(3); Z/2Z) be the non-trivial cohomology class given by the double 
cover SU(2) -> SO(3). Thus a map u : V -> SO(3) lifts to SU(2) if and only if 
■u*z/2 = 0. We would like to define the map a : G S u(E) ^(X; Z/2Z) by a(u) = u*v 2 . 
It is not immediately clear that a(u) actually lies in P 1 (X;Z/2Z). The homotopy 
exact sequence 

7T 1 (SO(3))^7r 1 (P ad )^7r 1 (X)^l 
gives an exact sequence in cohomology P x (- ;Z/2Z) = Hom(7Ti(-), Z/2Z), 

1 -> P X (X; Z/2Z) -> P^P^; Z/2Z) -> P 1 (SO(3); Z/2Z). 

Thus u*v 2 is pulled back from a unique element of H l (X; Z/2Z) if and only if i* x u*v 2 = 
0, where i x : SO (3) — > P ad is the inclusion of a fiber. 

Because w*z/ 2 depends only on the homotopy class of u, the map a is constant on 
connected components. Let Gg U ^ E ) t> e the subgroup of elements of Q su (e) which are 
the identity over x G X. The exact sequence of groups 

1 - <3Ue) -> G«*m -> so ( 3 ) - 1 

and the corresponding exact sequence of homotopy groups (7r to be specific) shows 
that the inclusion Q X SU ^ E ) induces a surjection of connected components. Now if u G 
&su(E) then i* x u*u 2 = 0, and so i x u*u 2 = for all u G Q SU (E)- This implies that the 
map a takes values in H l (X; Z/2Z). 

By the defining property of v 2 , we have a(u) = if and only if there is a lift of 
u to SU(2). Because {±id^} is central, any Ad-equivariant map u : P — > SU(2) 
descends to P ad -> SU(2). Thus M ^ ^su(£) is induced by some u G Qe if and only if 
a(it) =0. □ 

Remark 2.17. It can also be shown that the map Q su (e) — ► ^(X; Z/2Z) is surjec- 
tive. We omit the proof here in the interests of brevity. 

2.4. Quadratic forms for coupled spinor bundles. Give gl(E) (respectively, 
fl^W"* 1 )) the Hermitian fiber inner product and norm 

(M, N) := \ tr(M t 7V) and \M\ 2 = (M,M), 

for M,N E fl°(gl(E)) (respectively, gl(W^)), so that |id E | = 1, etc. If $ G fi°(W+ <g> 
P), then $* G Q°((W + ® E)*) = n°((W+)* ® E*) is defined by := $) for 

^Gfi°(W+®P). 

With respect to the induced Hermitian fiber inner products on 0[(VT + ) and &l(E), 
we have fiber-wise orthogonal direct sums, 0l(W^ + ) = Cidw+ ®sl(W + ), and similarly 
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for Ql(E) and thus gl(W /+ ) ®c dK^)- Let ir w + (respectively, tt e ) be the fiber-wise 
orthogonal projection from g[(W + ) (respectively, gl(E)) onto the subspace sl(W + ) 
(respectively, sl(E)), so that 

n w +M := M - itrMioV+ and tteN := N — ^triVids 

are the projection onto the traceless components of M G g^W 7 " 1 ") and iV G Ql{E), and 

vr^+M := | tr M id w + and 7r^iV := | tr iVid s 

are the projections onto the trace components of M G gl(W /+ ) and iV G flt(-E'). The 
orthogonal projection from gt(W /+ ) ®c on t° ®c sl(-E) is obtained by 

writing ti w + = id w + — and tt e = id^ — n^, so that 

(2.11) 7T W + ® 7T£ = ld W + ® id E - (71V+ ® 7T^ + 7T^+ <g> 7T E ) + 7T^+ (g 7T^. 

Consequently, if G fi°(W /+ ) and $ G fi°(W /+ <g> we may define 

(2.12) {<P®<P*)o :=7r w+ (</)®0*), 

($ ® $*) 00 := (tT W + ® 7T jB )($ ® $*). 

Note that 

Plainly, (0®0*)o is a section of s[(PF + )n m(W /+ ) = im{W + ). The following identities 
are now well-known ^7|, |77], Chapter 8]: 

Lemma 2.18. For every <j> G ft°(T^ + ) orfi°(£), T G fi°(s[(W r+ )) ; and 77 G tt 2 (X,C), 
the following hold. The endomorphism (0®0*) o is a section of Q°(isu(W + )) and sat- 
isfies: 

a) i(0 0*) o r = ii0i 4 , 

(2) |p(r / )| 2 = 2|r / +| 2 and \p~ l T\ 2 = \\T\ 2 . 

Similarly, $ <g> $* is a section of iu(W + <g> c -E) = u(W + ) ® K u(E) and ($ ® $*) o is 
a section of su(W + ) <S)r su(E). We then have the following analogue of Lemma |2.18| : 

Lemma 2.19. For every $ G Q°(W + <g> £7) and M G fJ (f|[(l¥ + <g> £/ie following 
identities hold: 

(1) ($®$*,M) = |(M$,$), 

(2) (| - ^) i$i 4 < (($ ® $ *)oo$ , $) < ^ 2 m\ 

(3) (l-^)l$| 4 <l($®^)oo| 2 <^|$| 4 . 
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Proof. Using $ = c a $ a , so M<3> = c a M$ a and $*$ a = ($ a ; $) = c a , we have 

($ ® $*, M) = | tr(($ ® $*) f M) = <g> $*)M$ a , $ a ) 

= ±(M$ a , ($ ® $*)$ a ) = ±(M$ a , $($*$ a )) 

= ±(M$ a ,c a $) = ±(c a M$ a ,$) = ±(M$,$), 

which gives (1). Next, we see that 

|$<g> $*| 2 = ($® $*) = ±(($<8> $*)$,$) = ±|$| 2 ($,$) = ±|$| 4 , 

and so the upper bound in (2) is obtained by 

|<($®$*)oo$,$)| < |($®$*) 00 ||$| 2 < |$®<F||$| 2 < (1/V2)\$\ 4 < f|$| 4 , 

where we use the fact that ( ■ )oo = 7[ w+ ® is an orthogonal projection to obtain 
the second inequality. 

To obtain the lower bound in (2), suppose that $ = <p a <g> £ a (implied summation), 
where {0 a } C tt°(W + ) and {£ a } C then $ <g> $* = (0 a ® h >*) <g> (£ a <g> and 

(vr^ + ® ® $*) = Tt^+ir ® <p b '*) ® n E (C ® e M ) 

= | tr(0 a ® tr(e ® e'*) id w+ ® E 

= w ® c, 6 ® e 6 ) i<w E = i<$, $) id w+8B . 

Using the last identity together with ($ ® $*)$ = $($, $) = $|$| 2 and (|2.11|) gives 

(($ ® $*)oo$, $) = (($ ® $) - ((tth>+ ® *e + n w + ® vr^)($ ® <F)$, $) 

+ (i|$| 2 $,$) 

= ||$| 4 - ((7T^ + ® VTs + 7T W+ ® 7T^)($ ® $*)$, $). 

But 7Tjjj /+ ® 7Te + 7r w + ® 7r^ is just the orthogonal projection onto to the middle two 
factors of the orthogonal decomposition of gl(PU + ) ®c gl(-E), so 

|((7T^+ (g)1T E + TC W + ®7T^)($® $*)$, $)| 

< |(7T^+ ® VTi? + 7T W + ® 7T^)($ ® $*) | |$| 2 

< |$®$*||$| 2 < (l/v^)^! 4 < ||$| 4 , 

and therefore 

|(($ ® $*)oo$ , *)| > f |$| 4 - (1/V2)|$ | 4 > ||$ | 4 . 
Consequently, using ($ ® ^*)oo = ( < ^® < ^ ) *)oo, we have 

® $*) 00 $, $) = (($ ® $*)oo, $ ® $*) = (($ ® $*) 00 , ($ ® $*)oo) 
= |($®$*)oo| 2 , 

which gives (3). □ 
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The fact that |($ <g> $*) | 2 > ||$| 4 , for $ G ® £), is used in || to show 

that the moduli space of PU(2) monopoles has an Uhlenbeck compactification. (The 
analogous equality, |(0 <8> 0*)o| 2 = \\4>\ 4 for G is used in [|7], |98| to show 

that the moduli space of Seiberg-Witten monopoles is compact.) 

We adapt some terminology from the proofs of Proposition 3.4 in J30| and Lemma 
4.3.25 in which we will need for our proof of transversality for the PU(2) monopole 
moduli space in §|: 

Definition 2.20. The rank of a section $ G Q°(H /± (g) E) at a point x G X is 
the rank of $| x . considered clS cl complex linear map (W ± )*\ x -> £| a (that is, its 
rank as a complex two- by-two matrix). We say that $ is ranA; one on a subset 
[/ C X if it has rank less than or equal to one at all points in U. Similarly, for 
v G Q°(A + (T*X) ®su(E)), the rank of v at a point x G X is the rank of v considered 
as a real linear map from A + (TX)| X . — > su(£')| a: (that is, its rank as a real three- 
by-three matrix). The rank of t> on a set U G X is the maximum rank of v\ x over 
all points x E U. Finally, for M G Cl°(su(W + ) (g)Su(-E)), the rank of M at a point 
x G X is the rank of M considered as a real linear map from su(W /+ )*| a . — > su(-E , )| a; 
(again, its rank as a real three-by-three matrix). The ranA; of M on a set {7 C X is 
the maximum rank of M\ x over all points x G U. 

For the proof of Lemma [2.21| below we shall need a simple linear algebra identity. 
Suppose that $ = <g> £, for some G fi°(W /+ ) and £ G fi (£), and that that 
q? = i/j ® with G fi°(VF+) and £ G fi°(£). Then 

$ ® = (0 ® £) ® (V> ® 0* = (0 ® ^*) ® (f ® O e 0K^ + ) ®c flf(s). 

Writing B G gt(W+) (or gl(E)) as B = B h + B s , where B h = \(B + St) i s Hermitian 
and B s = ^(B — fit) j s skew- Hermitian, we have 

$ ® = ±(0 ® V* + V> ® 0*) ® (£ ® C* + C ® f ) 

+ 1(0 ® ^* + V ® 0*) ® (f ® C* - C ® C) 
+ 1(0 ® V* - -0 ® 0*) ® (C ® C* + C ® C), 

and similarly for eg) Therefore, 

$ <g> + * ® $* = |(0 <g> + -0 ® 0*) ® (f ® C* + C ® D 

+ 1(0 ® V* - V> ® 0*) ® (f ® C* - C ® f ) 

(2.13) = -|z(0 (8) ^ + V> ® 0*) ® *(£ ® C* + C ® C) 

+ 1(0 ® V* - V> ® 0*) ® (f ® C* - C ® D- 

We shall need the following elementary observation in our proof of transversality for 
the moduli space of PU(2) monopoles in §|5|. Note that as p : A + — > su(W + ) is an 
isomorphism, the rank of a section v of A + <g> su(E) is equal to the rank of the section 
p{y) of su(W + ) ®su(E). 
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Lemma 2.21. If® G C°(W + <g> E) and x e X, then the following hold: 

1. Rank R ($(a;) <g> $*(x)) o = 1 if and only z/ Rank c $(x) = I, 

2. Rank R ($(a;) ® $*(x)) 00 = 3 if and only if Rank c = 2. 

Proof. For convenience we write $, W + , and E for $>\ x , W + \ x , and E\ x . If $ G 
Hom(W /+ , E) has complex rank one, we can write $ = <p ® for G W 4 " and 
Then ($ <g> $*) 00 = -i(0® 0*) o ® i(f ® C)o and so ($®$*) 00 G Hom(su(W /+ ), su(E)) 
has real rank one. 

Conversely, suppose ($ ® $*)oo has real rank one. Let {^1,^2} be an orthonormal 
basis for E and write $ = 4>i ® £1 + 02 ® &■ if 01,02 £ ^ are linearly dependent 
then $ has complex rank one and we are done, so suppose that 0i,02 are linearly 
independent. Using the standard basis {01, <j 2 , 03} of Pauli matrices Q2.14| ) for su(2), 
namely 

(2-14) oi = (l , 0-2 = J), a 3 = (? j) , 

we obtain bases for the real vector spaces su(W + ) and su(E): 

^ = z(a ® tx - 6 ® s), ^ = 6 ® s - 6 ® £, ^ = z(6 ® e 2 * + & ® er), 

O-f = i(0!®0*-(/) 2 ®(/)*), 0™ = 01 ® 02 ~ 02 ® 01, 0-3 =Z(01® 02 + 02 ®0!)- 

Writing $ = $1 + $ 2 , we have ($ a <g> $*) 00 = -z(0 a ® 0«)o ® «(£a ® C)o for a = 1, 2 
and 

($ ® $*) 00 = ($1 ® $1)00 + ($1 ® $2 + $ 2 ® $Doo + ($2 ® $2)00- 

So, by the identity (|2~13| ) and noting that ® £*)o = |z(^ <g> £* - 5 ® CI) = \°\ = 
-z(£ 2 ® 62)0, and z(0i <g> = |z(0i <g> 0* - 2 ® 2 ) = ^J" = -«(02 ® 02)o we see 
that 

($ ® $*) 00 = -i(0i ® 0t)o ® i(6 ® £)o - «(02 ® 02% ® i(6 ® £ 2 *)o 
- \i{(f> x <g> (p* 2 + 02 <g> 01) ® z(6 ® £ 2 * + 6 ® €l) 

+ |(0i ® 0; - 02 ® 0D ® (6 ® £ - 6 ® CD 

= -jaf ® at - \o? ®o{- ®at + ±0% ® 2 e 

= — 2^1 ® CF\ + ® <J 2 — 2^3 ® ^3- 

Thus, ($ ® $*)oo would have real rank three, a contradiction, and so $ must have 
complex rank one, which proves Assertion 1. 

The preceding argument also shows that if $ has complex rank two, then ($®$*)oo 
has real rank three. Conversely, if ($<8> $*)oo has real rank three, then $ cannot have 
complex rank one by Assertion 1, so $ has complex rank two. □ 
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2.5. The PU(2) monopole equations and holonomy perturbations. In § [2.5.1 
we describe the PU(2) monopole equations in their unperturbed form, following 
|7T|, [74[]. In § |2.5.2| we introduce the holonomy perturbations and the perturbed PU(2) 



monopole equations, deferring a detailed discussion of most of the technical regularity 
issues concerning holonomy perturbations to the Appendix. In Donaldson's applica- 
tion to the extended anti-self-dual equation, some important features ensure that the 
requisite analysis is relatively tractable: (i) reducible connections can be excluded 
from the compactification of the extended moduli spaces |18|, p. 283], (ii) the coho- 
mology groups for the elliptic complex of his extended equations have simple weak 
semi-continuity properties with respect to Uhlenbeck limits [|T8|, Proposition 4.33], and 
(hi) the zero locus being perturbed is cut out of a finite-dimensional manifold |T8|, 
p. 281, Lemma 4.35, & Corollary 4.38]. For the development of Donaldson's method 
for PU(2) monopoles described here, none of these simplifying features hold and so 
the corresponding transversality argument is rather complicated. Indeed, one can see 
from Proposition 7.1.32 in [2(| that because of the Dirac operator, the behavior of the 



cokernels of the linearization of the PU(2) monopole equations can be quite involved 
under Uhlenbeck limits. The holonomy perturbations considered by Donaldson in 
|18| are inhomogeneous, as he uses the perturbations to kill the cokernels CokeroT^ 
directly. In contrast, the perturbations we consider in (|1.3|) are homogeneous and we 
shall argue indirectly in §|5| that the cokernels of the linearization vanish away from 
the reducible and zero-section solutions. 

2.5.1. The unperturbed PU(2) monopole equations. Recall that we consider Hermitian 
two-plane bundles E over X whose determinant line bundles det E are isomorphic to a 
fixed Hermitian line bundle over X endowed with a fixed C°°, unitary connection A e . 
Let (p, W + , W~) be a spin c structure on X, where p : T*X — > End W is the Clifford 
map, and the Hermitian four-plane bundle W = W + © W~ is endowed with a C°° 
spin c connection. Given a connection A on E with curvature Fa £ L^_ X (A 2 ® u(E)), 
then (-^4)0 £ Ll_ 1 (A + ®su(E)) denotes the traceless part of its self-dual component. 
Equivalently, if A is a connection onsu(E) with curvature Fa € L\_ x {h? <g>so(su(E))) , 
then e L 2 ,_ 1 (A + <g> su(E)) is its self-dual component, viewed as a section of 
A + ®su(E) via the implicit isomorphism ad : su(E) — > so(su(E)). Let D A ■ L 2 k (W + ® 
E) — > L|_ 1 (VF~ g) E) be the corresponding Dirac operator. 

For an L\ section $ of W + ® E, let <3>* be its pointwise Hermitian dual and let 
($®$*)oo be the component of the Hermitian endomorphism of W + ®E which 

lies in su(H /+ ) ®su(E). The Clifford map p defines an isomorphism p : A + — > su(W + ) 
and thus an isomorphism p = p £g> id su (£) of A + <g> su(E) with su(W + ) <8> su(E). Then 

(2.15) F+-p- 1 ($®$*) 00 = 0, 

D A § = 0, 

are the unperturbed equations considered in |]67|, ^8], 7T|, ^4[ (with slightly differing 
trace conditions) for a pair (A, $) consisting of a connection A on su(E) and a section 
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$ of W + ®E. Equivalently, given a pair (A, $) with A a fixed-determinant connection 
on E, the equations (|2.15| ) take the same form except that F£ is replaced by (F^) . 



2.5.2. The perturbed PU(2) monopole equations. We next introduce perturbations of 
the PU(2) monopole equations ( |2.15| ) which will enable us to prove the transversality 
result described in Theorem |1.3| . The perturbations in question make use of holonomy 
and their construction is partly modelled on related perturbations introduced by 



Donaldson, Floer and Taubes || [L7|, £9| [lq, pq|. All of these constructions require that 
a unitary connection A on a Hermitian two-plane bundle E over X be regular enough 
that parallel translation along a C°° path in X is well-defined. For example, Floer 
employs a configuration space of L\ connections modulo L\ gauge-transformations 
over a three-manifold, so these connections are at least continuous (as L\ C C° in 
dimension three) and the standard theory of ordinary differential equations applies 
to define parallel translation without further qualification | [29|| . In dimension four, 
parallel translation can be defined without difficulty using L\ connections with k > 3. 
With a little more care one can see that parallel translation can be defined by L\ 
connections, even though L\ <f_ C° pi], §3.2]. These regularity issues become rather 
more intractable, as one can see from the Sobolev restriction theorem, for connections 
which are only |2|, Theorem V.5.4]. As explained in the Appendix — to which we 
refer the reader for a discussion of the more technical points — we shall ultimately 
restrict our attention to configuration spaces of Li connections with k > 3. The 
perturbations will, by definition, be zero on a neighborhood of a point in X where 
the curvature is large and so our regularity theory for L\ monopoles will apply near 
points where curvature has bubbled off in order to prove removability of singularities 
(see §|X2D. 

We follow standard convention by saying that a connection A on a G bundle E 
over a connected manifold Y is 'irreducible' if its stabilizer Stabyi is trivial, that is, 
the center of the Lie group G ]20|, p. 133], rather than saying (more correctly) that 
its holonomy group HoU(?/o) is not a proper Lie subgroup of Aut(E yo ) ~ G (where 
Do G Y is any basepoint). However, the holonomy will be our primary concern in 
this section, so some care is required as the two notions do not coincide in general. 
Recall from p0| , Lemma 4.2.8] that Stab^ is isomorphic to the centralizer of Hol^(?/o) 
in G. If Y is simply connected, then Hol^(yo) is a connected Lie subgroup of G p4|, 
Theorem II.4.2]. Thus, if G = SU(2) or SO (3) and Y is simply connected, then A has 
trivial stabilizer in G if and only if HoU(yo) — G p(| p. 133]. Indeed, if G — SO(3) 
and Stab a = {id}, then H := HoU(yo) — SO (3); otherwise, we would have 

• H = SO(2), with centralizer Z(H) = SO(2) (by flu], Theorem IV.2.3(ii)]), con- 
tradicting Stab^ = {id}, or 

• H = {id}, with centralizer Z(H) = SO(3), again contradicting Stab^ = {id}. 

The same argument holds for G = SU(2), but not for higher- dimensional Lie groups. 
For example, if G = U(2) = SU(2) X{ ±id } S 1 , we cannot exclude the possibility that a 



PU(2) MONOPOLES, I 



31 



U(2) connection A with Stab^ = S\ reduces to an SU(2) connection, that is, A has 
holonomy HoU(yo) = SU(2). 

With the preceding comments in mind, the first ingredient in our construction of 
the holonomy perturbations is a local section of su(E) given by the holonomy of an 
SO (3) connection A on su(E). Let 7 C X be a C°° loop based at a point x 6 X and 
let 

h^ X0 (A)eSO(su(E))\ X0 

be the holonomy of the connection A around the loop 7. The exponential map 
exp : so (3) — > SO (3) gives a diffeomorphism from a ball 2B around the origin in 
so(3) to a ball around the identity in SO(3). Let ip : R -> [0,1] be a C°° cutoff 
function such that ^(|C|) = 1 for C G |5, ^(|C|) > for ( e B, and V(|C|) = for 
C E so(3) - B. Then 

(2.16) \) ltX0 {A) := i> (I exp-^^CA))!) ■ ad-^exp" 1 ^^))) 

defines a gauge-equivariant map Ae(X) — > su(£')| xo , where ad : su(-E') — > so(su(E)) 
is the standard isomorphism. 

Lemma 2.22. Let U C X be a simply connected open subset and let Xq be a point 
in U. If A\u is an irreducible SO(3) connection on su(E)\u then there are loops 
{li}f=i C U, depending on A, such that the set {h lltXQ (A)}f =1 C SO(su(i?))| Xo lies 
in the open subset of SO(su(E))\ Xo given by the image under exp of the ball B C 
so(su(E))\ XQ around the identity. The set {f) 7i ,x (^)}f=i then a basis for su(E)\ X0 . 

Proof. Since A\u is an irreducible SO (3) connection over a simply connected manifold 
U, the holonomy group B.o\a\u( x o) is equal to SO(su(-E))| I0 by the remarks preceding 
the statement of the lemma. Hence, there are three loops 71,72,73 such that the 
holonomies h ll)Xo (A) 6 B C SO(su(E))| Xo give a basis {§ lu x {A)}^ =l for su(E)\ XQ . □ 

For a C°° connection A we may extend t) J:X0 (A) to a C°° section t) 7 (A) of su(E) 
by radial parallel translation, with respect to A over a small ball B(xo,2Rq) and 
then multiplying by a C°° cutoff function (p on X which is positive on B(xq, Rq) and 
identically zero on X — B(xo, Ro)- Thus if the set {i)'y l ,x (A)}f =1 spans su(E)\ XQ , then 
the set {^■y l (A)\ y }f =1 will span su(E)\ y for y G -B(xo, i?o)- The constant i?o is chosen 
so that 4i?o is smaller than the injectivity radius of (X, g). 

In general, for an L\ connection A with k > 2, the section f) 7 (A) will not be in 
L 2 k+1 and so we use the Neumann heat operator, for fixed small t > 0, 

L 2 (B(x ,2R ),su(E)) -> L 2 k+1 (B(x ,2R ), su(E)), 

as discussed in Appendix |A.1| to construct an L 2 k+1 section 



(2.17) 



l) 7 (A) := K t (A\ B(xo , 2Ro) %(A) 
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of su(E) over B(xq, 2R ) which converges to f) 7 (A) in C°(B(xo, Rq)) as t — > 0. There- 
fore, for small enough t = t(A), the set {v?f) 7 ,(^4)|?/}f=i, will span su(E)\ y for all 
y G B(xq, Rq) just as before. 

Lemma 2.23. Let k > 2 be an integer and let Aq be an L\ unitary connection on 
E\b(x ,2Ro)- Let 71,72,73 be loops in B(x ,2R ) based at x such that {i) 7l ,x. (Ao)}f =1 
spans su(E)\ X0 . Then there is a positive constant e(A , {^i}) such that the following 
holds. If A is an L\ unitary connection on E\b( Xo ,2Ro) suc ^ ^hat 

II A ~ a o\\li Ao (b(x ,2r () )) <e, 

then the set {f) 7i ,a;o(^)}f=i s V ans SU (E)\ X0 . 

Proof. According to Lemma |A.3| the holonomy maps h 1>XQ : Ae{X) — > XJ(E)\ XQ are 
continuous and so the maps f) 7; ,x : AePO — * 5U (E)\ XQ are continuous on small open 
neighborhoods of A G Ae(X). Hence, for small enough e, the set {fy-y h x {A)}f =1 
spans su(E)\ X0 . □ 

We now specify the loops to be used in this construction, essentially following the 
argument used in the proof of Lemma 2.5 in UITf . Let {B(xj, 4i? )},=i, be a disjoint 



collection of open balls, where iV& is a fixed integer to be specified later (see § |4.5.2|) . 
According to the slice results of |2(| p. 192], |37|, Proposition 2.1] for manifolds 
with boundary, the quotient space B E (B(xj,2R )) of irreducible L\ connections on 
-E , |s(x J ,2_Ro) i s a manifold modelled on a separable Hilbert space. The quotient 
L\ topology on B E (B(xj,2Ro)) is clearly metrizable and so Stone's Theorem implies 



that B* E (B(xj, 2R )) is paracompact and thus admits partitions of unity |55], Corollary 
II.3.8]. 

For each j = 1, . . . , N b and each point [A ] in B* E (B(xj, 2Rq)), we can find loops 
{lj,i,A }f=n contained in B(xj,2R ) and based at Xj such that 4 (A))}f=i> spans 
su(E)\ Xj . For each such point [Aq], Lemma |2.23| implies that there is an L\ Aq ball 

B { a o] (sa ) ■= {[A] G B* E (B( Xj ,2R )) : dist^ ([A], [A ]) < e Ao } 

such that for all [A] G B[a ]{sa )i the set {f) 7j , Aq (A)}f =l spans su(E)\ Xj . These balls 
give an open cover of B* E (B(xj,2Ro)) and hence there is a locally finite refinement 



of this open cover, {^>}^Li, and a positive partition Xj,a (see Proposition |A.12j ) 
subordinate to {f/ ?)Q ,}^L 1 in the sense that 

J2xjAA] > 0, [A] G B* E (B( Xj ,2R )). 

Hence, for each Uj j0l , we obtain loops {lj,i,a}f=i C B(xj,2Ro) such that for all [A] G 
Uj ta , the sections t) ljla (A) span su(E)\ Xj . 

Let P be a smooth cutoff function on R such that (3{t) — 1 for t < | and (3(t) = 
for t > 1, with (3{t) > for t < 1. Then the C°° gauge-invariant maps Ae{X) — > R, 
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A i — > Pj[A] given by 

(2.18) MA)'.= P(?[ P \F A \ 2 dV 

are zero when the energy of the connection A is greater than or equal to |£q over a 
ball B(xj,2Ro). Here, Eq is the constant of Corollary |3.16| . Finally, we define C°° 
cutoff functions on X by setting 

(2.19) :=p ^^^ y xeXj 

so that ifj is positive on the ball B(xj, Rq) and zero on its complement in X. 
We can now define a gauge equivariant C°° map 

A E {X) - L 2 k+1 (X,su(E)), A » m jM (A) 

by setting 

(2-20) m^ a (A) := ^[A^UMb^^^M)- 

Thus at each point A G Ae{X) only a finite number of the mj t i t(X (A) are non-zero and 
each map vc\.j t i tCt is C°° with uniformly bounded derivatives of all orders on Ae(X) 
(see Appendix |A.4|) . 

To define the perturbation of the Dirac operator in ( [2.15|) , we need elements of 
Q° (Homc(W /+ , W~)) and these are conveniently provided by complex one-forms using 
the Clifford isomorphism 

p: A^Hom c (H/ + ,H/-), 

where = A 1 ®k C. These one-forms are parametrized by the following Banach 
space: Let A be the index set {(j, I, a) : 1 < j ' < Nb,l < I < 3, a G N}, let 
<5 = (S a )^ =1 G £ l (W) be the sequence of positive weights described in Appendix |A.4 , 
let r > k + 1, and let 

(2.21) P5:=£KA,^(A,A^)) 

be the set of sequences $ := ($j t i, a ) in C r (X, A^) such that 



Then V!^ is a Banach space with respect to the above norm [ 40| , §1.7] 



Remark 2.24. 1. Note that we measure reducibility of connections and allow the 
loops jj,i t a to be contained in the larger balls B(xj, 2Ro) while the perturbations 
are supported on the smaller balls B(xj,Ro). Thus, if A G Ae(X) is a connec- 
tion such that A\B( Xj ,2R ) is reducible for all j G {1, . . . , Nb} such that Pj[A] > 
and <3> ^ 0, then [A, $] cannot be a point in M^° £ : our unique continuation 
result for PU(2) monopoles (see Theorem p.ll| ) which are reducible on an open 
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subset of X containing all balls B(xj, R ) with f3j[A] > would imply that A is 
reducible on all of X and so (A, $) would be a reducible PU(2) monopole. Con- 
sequently, if [A, $] G M^e then A must be irreducible on some ball B(xj, 2Rq); 
otherwise, A would be reducible on all balls B(xj,2R ) with f3j[A] > and so 
reducible on X. 

2. Note that the sections vXj^a are defined on the entire space Ae(X): They are zero 
for connections A G Ae(X) which are reducible when restricted to B(xj,2R ). 

3. Our energy bound (|4.2j ) for solutions (A, $) to the perturbed PU(2) monopole 
equations ensures that there is always at least one ball B(xj,Ro) where the 
sections {mj,i, a {A)}f =1 span su(E)\ B{XjiRo y. see § |4.5.2j . 

Because only a finite number of the sections vc\,j^^ a (A) are non-zero at each A G 
Ae(X) the sum 

(2.22) ■& ■ m(A) := P(#3,h«) ®c m jM (A) 

gives a well-defined L\ + i section of E.om c (W + } W-)® c sl(E) ~ A^® c sl(£). Note that 
although each vcijj^A) is a section of su(-E'), the tensor product is over the complex 
numbers, where su(E) is contained in the complex space sl(E) = su(E) ® K C. (Since 
si{E) =su{E)®isu{E), then Rom c {W + , W~) ® c su(E) = Rom c {W + ,W~) ® c qK e ) 
and similarly for q[(E).) The map 

A E {X) -> L 2 k+1 {X, Rom c (W + , W~) ®c sl(E)), A i-> # • m(A) 
is C°° and gauge equivariant and so defines a C 00 section of the vector bundle 
A%(X) x Ge Ll +1 (X,Rom c (W + ,W~) ® c sl(E)) -> 

By construction (see Appendix |A.4|) the sum d ■ m(A) satisfies a C° estimate of the 
form 

(2.23) sup ||#-m(A)|| L 2 { x) < C0\\ e i {C r(x)) and < e#, 
AeA E (X) 

where C = C(g, k) and e$ is a positive constant which we are free to specify. 

We shall also need to construct a gauge equivariant C°° map from A* E (X) to 
L^ +1 (g[(A + ) £g>R so(su(E))). This map will define a perturbation of the quadratic 
form in ( |2.15| ) using the representation ad : su(E) — > so(su(E)) and is parametrized 
by the Banach space 

(2.24) V r T :=£l(A,C r (X, Q l(A + ))) 
of sequences f := (t^/^) in C r (X, gl(A + )) such that 
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Then the sum 

(2.25) t ■ m(A) := ^ r jM ® K ad(m jM (A)) 

3,l,at 

is pointwise finite and gives a well-defined L\ +1 section of gl(A + ) ® R so(su(E)). The 
map 

A E (X) -> L 2 fc+1 (X,g[(A+) ® K so(su(£))), A ^ r ■ m(A) 
is C 00 and gauge equivariant and so defines a C°° section of the vector bundle 

A%(X) x Ge L 2 +1 (X,g[(A + ) ® R ao(sn(E))) - B* E (X). 

By construction (see Appendix |A.4| ) the sum f ■ m(A) satisfies C° estimates 

(2.26) sup \\r-m(A)\\ L 2 {x) <C\\r\\ £ u C r(x)) an d ll^ll/J^x)) < ^ 

where C = C(g, k) and e T is a positive constant which we are free to specify. 

Our perturbed PU(2) monopole equations for a pair (A,$) on (su(E), W + (g> E 1 ) 
then take the form 

(2.27) ©i(A,$) :=F+- (id + ro^id^ + r-m^))^- 1 ^®^^ = 0, 
6 2 (A, $) := Z> A $ + p(^o)$ + ■ m(A)$ = 0, 

where r G C r (X, g[(A + )) and $0 G C r (X,Ko) are additional perturbation parame- 
ters. For brevity, we shall often denote ta '■— t ■ xn{A) and "0a m(A). 



Remark 2.25. 1. In we consider the question of transversality of the spaces of 
reducible solutions or U(l) monopoles, which are identified with moduli spaces 
of Seiberg-Witten monopoles. In particular, we show that the moduli spaces of 
U(l) monopoles are cut out transversely for generic r G f2°(g[(A + )). 

2. If the section $ is identically zero then the PU(2) monopole equations reduce 
to those for a projectively anti-self- dual unitary connection A on E. If the 
connection A is reducible then all of the sections mj t i ja (A) are identically zero 
on X; the perturbations r ■ m(A) and i? • xn(A) in ( |2.27|) are then zero. 

3. We emphasize that the holonomy sections in the sequence xn(A) are always L\ +1 
by construction for L\ connections A (with k > 2) and that the sums defining 
T-m(A) and d ■ va(A) are always finite for each A, although the number of terms 
may tend to infinity as A approaches a reducible connection. 

The proof of the existence of an Uhlenbeck compactification for Mw,e i n requires 
the perturbations r ■ va(A) and ■ xn(A) to satisfy the following estimates in order to 
obtain universal a priori L\ A bounds for <3> and L 2 bounds for Fa (see Lemmas fO 
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andO 



(2.28) 



sup ||r ■ m(A)\\ L co( X ) < 1, 
AeA E 

sup \\0-m(A)\\ L * {x) < 1. 



To obtain the more delicate universal a priori L°° bounds for $ and F£ (see Lemmas 



2.26| and |4.4|) required by our Uhlenbeck compactness argument in §|4], the perturba- 
tions r , t ■ xn(A), and $ • xn(A) must satisfy the following stronger estimates: 



(2.29) 



MU«>(jr) + sup \\t ■ m(A)\\ 
AeA E 



L°°(X) < ei, 



MUr (x) + sup • m(A)||x,oo (jfj 

AeA E 



< 1. 



We take a constant 1 on the right-hand sides of (|2.28| ) and the second inequality in 
( j2.2S ) for notational convenience only: these bounds do not need to be 'small'. There 
are continuous Sobolev embeddings L°°(X,R) C Ll(X,R) and Lf(X,R) C L 2 4 (X,R) 
over a four-manifold X. The estimates (|2.29|) then follow from the estimates Q2.23|) 
and ( 2.26 ) when k > 3. Therefore, to obtain the inequalities ( 2.291) , we require that 
k > 3 in our configuration spaces of L\ connections Be and pairs Cw,e- see § |A.4| . The 
bounds in ( |2.29 ) then follow for small enough choices of e T and e$ in the inequalities 
( ggg ) and (OSI). 



We shall need a slight generalization of Lemma [2.19| which applies to the perturbed 
quadratic form Tp _1 ($ ® $*)oo when t 7^ idA+. Without loss of generality, we may 
restrict our attention to automorphisms r p := prp" 1 of su(W /+ 



such that \t p — 



id 



su(W+) I 



\prp- 



idl < e T and thus 



($i,$ 2 ) -£ r |$i||$ 2 | < (r($i),$ 2 ) < ($1,^2) +£t|$i||$2 



for some universal positive constant e T < 1 and all $i,$2 £ fi°(W /+ <8> E). Then 
Lemma [2.19| yields the following bounds for the perturbed quadratic form: 



Lemma 2.26. There is universal positive constant e T <C 1 such that for all \\r — 
idA+||c°(x) < £ t and $ G Q°(W + ® -E) £/ie following inequalities hold: 



(1) 
(2) 



l$l 



2I ... < (t„($ ® $*) 00 $, $) < 



|$| 4 < |t p ($®$*) 00 | 2 < 



4 

2 ^ 3|$|4 



$1 



Remark 2.27. The constant e T = 1/64 will suffice. The constraint ||t— id||c<>(_x-) < 
is only used in §4.1| and consequently in §4.6] , where we establish the 'universal' a priori 
bounds for PU(2) monopoles and prove the existence of an Uhlenbeck compactifica- 
tion, respectively. 



(A,<s>) 
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2.6. The moduli space and the elliptic deformation complex. We define the 
moduli space of PU(2) monopoles and compute the index of its elliptic deformation 
complex. 

For any integer k > 2, the PU(2) monopole equations ( |2.27 ) define a C°° map 
& := (©i, 62) of Hilbert manifolds, 

(2.30) 6 : C W>E -> ^_ 1 (A+ ® su(E)) © © £), 
given by 

'6i(A, $)\ . /F+ - (id + r © id su(i;) + f •m(A))p- 1 ($©$*)oo 
^6 2 (A$); ' V Da$ + +p(#o)$ + # • m(A)$ 

We can then define the moduli space of PU(2) monopoles by setting 

(2.31) M WjE := {(A, $) G Cw,£ : 6(A $) = 0}/°£ s 

and denote the moduli space of PU(2) monopoles which are neither reducible nor 
zero-section pairs by 

We let MJf d := {[A] : Fj[ = 0} C Be be the moduli space of anti-self-dual connections 
on su(E). 

The SO(3) bundle su(E) has first Pontrjagin number and second Stiefel- Whitney 
class given by 

(2.32) k := —jpi(su(E)) = c 2 (E) — jCi(E) 2 and w 2 (su(E)) = Cl (E) (mod 2), 
and, for a connection A on su(E), we have the following Chern-Weil integral identity, 

(2-33) -lPi(*<E)) = -L f (\ Fa |2 _ rf y 

where we view as a section of A 2 (g) S\l(E) via the isomorphism ad : su(E) ~ 
so(su(£)) (see |(| §2.1.4]). 

Since the map (3 is °(?£-equivariant it defines a section of the Hilbert vector bundle 
53 over with total space 

(2.34) 23 := x.g E (L 2 _ 1 (A + ® 5 u(E)) © Lti(W~ © J5)) . 

While the equation &[A, $] = is, of course, defined on Cw,e, 23 does not extend 
from C^e t° a vector bundle over Cw,e- The moduli space C C^ E is then the 

zero locus of the section & of Hilbert vector bundle 93 over the Hilbert manifold C^ E : 
it will be a regular submanifold if (5 vanishes transversely, that is, if the differential 

(2.35) (D&) A> * : T [AM C^ E - L 2 _ 1 (A+ ® su(£)) © LjU(^~ © 

*,o 



is surjective at all points [A, $] in © 1 (0) Pi C^> £ ; recall from § pT^ that the tangent 
space T] L A^Cy /E is canonically identified with Kerd^ C C^e- 
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Suppose (A, $) is a pair in Ae x VL q {W + © E). Recall from Proposition |2J] that 
the differential at the identity id^ e °Q E , of the map °Q E — > Ae x £l°(W + ®E) given 
by it i — > <E>) is 

fi°(jBU(E)) © iR z -> fi 1 (su(,E)) © ft°(W + © £), c ^ -4,*C = MaC, C$)- 
Similarly, the differential (a, 0) i— >• d A ^(a,<p) := (D6)^$(o,^), 

^(su^)) © n°(w + © -f fi + (su(£)) © © -E), 

of the map 6 at the point (A, $) is given by 

(d\a-T- ((5m)(a)($©$*)oo-(id + r ©id su(i;) \ 

(2.36) < i$ (a,0):= +r • m(A))p -1 ($ © <p* + <\> © <T)oo , 

+ p(^o)0 + # • m(A)0 + p(a)$ + • (<Jm)(a)$/ 

where 5m = 5m/ 5 A. (In the sequels we also find it convenient to use L A ^ to denote 
the linearization of the map 6 at the point (A, $).) The differential of the composition 
°g E h+ n+(su(E)) © n°{W- © E) given by 

u h-> u(A, $) ^ 6(u(A, $)) = w(6(A, $)) = («6i(A $)it -1 , u6 2 (A, $)) 

is then 

ft+(su(£)) 

fi°(su(£))©zM z ^ © , (H>4,o ( i%C = ([(,6 1 (A,$)U6 2 (A,$)). 
fi°(W^- ©E) 

Therefore, <i\ $ o ci^ ^ = if and only if & (A, $) = 0, that is, if and only if (A, $) is 
a PU(2) monopole. Consequently, the sequence 

dQ n\su(E)) dl n+(su(E)) 

(2.37) fi°(su(£))©« z © © 

© ft (W^©£) 

is a complex if and only if (A, $) is a PU(2) monopole. The L 2 adjoint of — d A ^ is 
given by 

(2.38) -d°A%( a i <t>) = ~d> + 
The operator 

n°(su(E)) © iR z 
^(suiE)) © 

(2.39) V A ^:=d°^ + d l A ^: © — > ft+(su(£)) 

Q°(W+®E) © 

fi°(iy- ©e) 

is elliptic (thus Fredholm) and so ( p.37| ) is an elliptic deformation complex for the 
PU(2) monopole equations ( [2.27|) , with cohomology groups 

H A ^ := Kerd° AiS> , H A ^ := Ker d A ^/Imd° A ^, and H 2 A ^ : = Cokerd\ $ , 
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analogous to the usual elliptic deformation complex |20], Eq. (4.2.26)] for the anti- 
self-dual equation, F A = 0. (An elliptic deformation complex for stable pairs for 
holomorphic bundles is given by Bradlow and Daskalopoulos in || §2].) 

Recall that H A $ = Ker d A $ is just the Lie algebra of the stabilizer Stab^,* of the 
point [A, $] e M W>E and H A $ is the Zariski or formal tangent space. Thus, for any 
point [A,$] E M^° E we have H° Aq> = 0. If = 0, then Coker(D6) A $ = and 
so [A, $] is a regular point of the zero locus of the section & of 03 over C$ E . So, if 
H A ^ = and H A ^ = 0, then [A, $] is a smooth point of Mw,e with tangent space 
Ker Da,* = Ker(<i^* (I> + d Aq> ) = H A<S> , as we see from ( |2.35| ). Provided the zero set 
(5 _1 (0) is regular, then M^f E will be a smooth manifold of dimension — IndP^,*- 



The perturbation terms in ( 2.27\ ) define gauge equivariant maps 



% - ^_i(A + ® su(E)) © LU{W~ ® E), 



given by 



(A 



m^p- 1 ^® $*)oo 
-m(A)$ 



For fc > 2, the Sobolev multiplication theorem implies that ?9-m(A)$ is in L 2 k {W (&E), 
while f •m(A) / cr 1 ($<g>$*)o is in L|(A + ®su(E)) when fc > 3 and in L P 2 (A + ®su(E)), 
1 < p < 2 when k = 2. By the Rellich embedding theorem, the inclusions C E\_ x 
and C Lf, p > 1, are compact. In particular, it follows that the linearization of 
the perturbed PU(2) monopole equations ( |2.36|) differs from the linearization of the 
unperturbed equations ( [2.15| ) by a compact operator |2], Theorem VI. 2]. 

Proposition 2.28. If the map & of (|2.30| ) vanishes transversely for the parameters 
(t , i?oj t, then M^ e (t ,$ ,t } $) is a smooth manifold of dimension 

dim M^, = -2 Pl (su(E)) - 3(1 - b\X) + b + (X)) 

+ ±Pl(su(£)) + i(ci(W+) + d(£)) 2 - ±<x(X) - 1 

= dim M£ sd + 2 Ind c L> A - 1, 
where c(X) is the signature of X . 



*,o 

W,E) 



Proof. Since If^ $ = and i?^ $ = (by hypothesis) at any point [A, $] in M, 
we have dimM^ E = — Indl^^. By our regularity result, Proposition |3T7| , any point 
[A, $] in M^ E has a smooth representative (A, $). Therefore, from the expressions 
for <i^* $ in ( |2.38| ) and for d\ ^ in (|2.36| ) and the Sobolev multiplication and embedding 
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theorems, we find that the operator Va,<s> 



w '* _i_ //i • r 2 











© 



A,* • -fc — L k-1 differs from 

L^^su^)) ©« z 

© 

Lt x (A + ®5u(^)) 



X (W-®E) 



by a compact operator and so has the same (real) index: 

lndV A ^ = lnd(d* A + d\) + Ind M D A — 1. 



We recall from |20], Eq. (4.2.22)] that the operator 

d* A + d+ : ^(A 1 ® - Lj_ x («i(£0) © 4_i(A- 

has index 

Ind^ + d+) = -2 Pl (su(E)) - 3(1 - b l (X) + 6+(X)) 
The complex index of the Dirac operator Da is given by 



811(E)) 



Ind c D A 



((A(X))ch(E)e^ w+ \[X]) 
((1 - ± Pl (X))(2 + Cl (E) 

+\ Cl {Ef - c 2 (E))(l + \c,(W + ) + \ Cl {W+)% [X]) 
(-± Pl (X) + \ Cl {W+Y + \ Cl {Ef - 02(E) + \ Cl (E) Cl (W+), [X]) 
-\a(X) + \ Cl (W + f + \ Cl (Ef - c 2 (E) + \ Cl (E) Cl (W + ) 
(\c x (Ef - c 2 (E)) + \(( Cl (W+) + Cl (E)) 2 - a(X)) 
\ Pl (su(E)) + i((ci(^ + ) + Cl (E)f - a(X)). 



Adding these indices and noting that Indu Da 
inula. 



2 Indc Da gives our dimension for- 



□ 



3. Regularity 



Our goal in this section is to establish the basic regularity results for solutions to the 
PU(2) monopole equations ( [2. 27 ). In §3^ we show that global L\ solutions to the first- 
order elliptic system comprising (|2.27|) and the Coulomb gauge equation (see § |2.2|) are 
necessarily C°°, while in § |3.2| we show that global L\ solutions to Q2.27Q are equivalent 
via an L\ +l determinant-one, unitary automorphism of E — provided k > 2 — to 
C°° solutions to (|2.27|) in Coulomb gauge relative to some C°° reference pair. In § |3.3| 
and § |3.4| we establish local versions of the results of § [3.1| and §3.2j . The regularity 



results and estimates of this section will be needed repeatedly throughout our work, 
so we state them here in sufficient generality to cover all of these applications. In the 
present article, we require the regularity results for our proof of transversality for the 
moduli space of PU(2) monopoles (see §|5|) and they form the cornerstone of our proofs 
of removable singularities and existence of an Uhlenbeck compactification (see §0). 
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Furthermore, in sequels to this article |26|, p7| , the regularity results of this section 
are used to show that L\ gluing solutions to (|2.27|) are necessarily C°° and to analyse 



the Uhlenbeck-boundary behavior of the gluing and obstruction maps parametrizing 
the moduli space ends. 

In order to simultaneously address all of the intended applications, the equations we 
find it convenient to consider here are a quasi-linear, inhomogeneous elliptic system 
consisting of a generalization of the equations ( |2.27| ) and Coulomb gauge equation for 
a pair (A, $) e Ae(X) x Q°(W + © E). Specifically, we allow inhomogeneous, right- 
hand terms: the need for this generalization arises in our proofs of removable singular- 
ities and of regularity for gluing solutions to ( ^.27| ) and in analysing the Uhlenbeck- 
boundary behavior of gluing maps. Suppose that (A , $ ) is a fixed C°° reference 
pair in A E (X) x Q°(X, W + ®E): writing (A, $) = (A , $ ) + (a, 0), combining ( |2.27|) 



with the Coulomb gauge equation, and allowing inhomogenous terms, we obtain an 
elliptic system of equations for a pair (a, 0) in fi 1 (X,5u(£')) © Q°(X, W + © E), 

(3.1) d* Ao a -(■%)* <P = (, 

&(A + a,% + 0) = (v ,ip ), 

Considering A to be a connection on su(E) and using the isomorphism ad : su(E) — > 
so(su(E)) to view F A as a section of A 2 ©su(-E), we write (|3.1|) as 



<r Ao a-{-$ )*<f> = (, 

F A +a - ( id + T ® id Bu(E) + T • m(A)) p _1 (($ + </>) © ($0 + 0)*)oO = V , 

(D A()+a + p(^o)+^-m(A))($ o + 0) = Vo, 
where (v ,ip ) e fi+(X,su(£)) © fi°(X, © £)■ Recalling that S(J and d^ o $o 



are the differential operators in the elliptic deformation complex (|2.37|) for the PU(2) 



monopole equations (|2.27|) , the above system may be rewritten in the form 

d A ,s> ( a A) + {(a,<f>), (a,0)} = -6(A), $o) + (^0,^0) =: (u,V0> 

where (u,<0) e tt+(X,su(E)) ©fi°(X, W~ ©£) and the differentials c^*$ and d^ 0i$o 
are given by ( [2.3^| ) and ( |2.36| ). It will be convenient to view the quadratic term 
{(a, (f>), (a, <j))} as being defined via the following bilinear form, 

{{a,<f>),{b,cp)} := (^ aAb ) + - (id + r o ©id su( ^+r-m(A)p" 1 (0®<P*)oo 

where (b,<p) G Q 1 (X,$u(E))®Q°(X, W + ®E); we will further abbreviate {(a,<j>), (a,<p)} 
by q(a, </>) when convenient. Our elliptic system (|3.1|) then takes the simple shape 



(3.2) £>A ,<£oK 4>) + 0), K 4>)} = (C, v, ip), 
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recalling from ( |2.39| ) that X>a ,*o = <^a* a> + ^a ,<s> - This is the form of the (inhomo- 
geneous) Coulomb gauge and PU(2) monopole equations we will use for the majority 
of the basic regularity arguments. 

Some of the regularity results and estimates of this section generalize corresponding 
results for the first-order anti-self-dual equation ^ and, to a certain extent, those 
of Uhlenbeck |94| and Parker |7(J for the second-order (coupled) Yang-Mills equations. 



As usual for a quasi-linear, first-order elliptic system with a quadratic non-linearity, 
over an n- dimensional manifold, the main difficulty is to prove regularity for L^ 2 
solutions (that is, at the critical Sobolev exponent). Once the solutions are known 
to be in L°°, then standard linear elliptic regularity theory can applied |J7], plf . It is 
worth noting at the outset, though, that despite an extensive literature on quasi-linear 
elliptic systems due to Ladyzhenskaya-Ural'tseva, Morrey and others |54], |54| these 
classical results do not meet the usual demands of gauge theory and this explains 
why we develop the precise results we require here. The constants appearing in our 
estimates generally depend on the underlying Riemannian metric on X, the fixed 
spin c connection on W, the fixed unitary connection on det E, and the perturbations 
(r ,r, this dependence is not explicitly noted, as these ingredients in the PU(2) 
monopole equations (|2.27|) are fixed once and for all. 



3.1. Regularity for L\ solutions to the inhomogeneous Coulomb gauge and 
PU(2) monopole equations. We show in this subsection that an L\ solution (a, <ft) 
to the PU(2) monopole and Coulomb-gauge equations ( |3.2| ), with an L\ inhomoge- 
neous term (with k > 1) is in L 2 k+1 . Thus, if the inhomogeneous term is in C°° then 
(a, (f)) is in C°°. In passing from an L\ to an L\ solution we need only consider the 
case where (r, $) = 0, while no restriction is placed on the perturbation (r, $) 6 V 
given an L\ solution (a, 0). 

Our regularity result contains, as special cases, Proposition 4.4.13 in PD[ and The- 



orem 8.8 in |3"m , for anti-self-dual connections, and Theorem 8.11 in [77| for Seiberg- 
Witten monopoles. The proof we give below for PU(2) monopoles is rather different. 
We provide a fairly detailed argument here since regularity of L\ solutions to an el- 
liptic equation with a quadratic non-linear term does not quite follow directly from 
standard theory for non-linear elliptic systems (for example, |64, Theorem 6.8.1]). 



The two principal steps are, first, to get L\ regularity of an L\ solution (a, <p) when 
2 < p < 4 and (a, (p) is sufficiently L 4 -small and, second, to apply elliptic boostrapping 
and the Sobolev multiplication and embedding theorems to get C°° regularity of an 
L\ solution (a, 0) when 2 < p < oo. We will use these sharp regularity results 
and estimates repeatedly throughout our work, so we give the argument in some 



detail here. The main ingredient in the first step is supplied by Proposition |372| and 
uses a Fredholm alternative argument to pass from L\ to the slightly stronger L\ 
regularity p3| Theorem 5.3]. Although we will often be able to simply assume that 



the inhomogenous term is in C°°, rather than just in L p , we will later need these 
intermediate regularity results in our development of the gluing theory for PU(2) 
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monopoles | 26| , |2? | to show that L\ solutions (a, 0) to the system (|3.2|) with a certain 
inhomogeneous term ((,v,ip), where the latter is initially only known to be in L\ or 
L 2 ., are actually in C°° (together, of course, with (£, v,i/j)). 

Lemma 3.1. Let *8 1; 2^2 fre Banach spaces and let T G Hom(*Bi,*B2) /iave a ri<?/i£ 
(7e/^ inverse P. If T' G Hom(Q3i,Q52) satisfies \\T' — T|| < ||P|| _1 ; i/ien T" a/so /ias 
a rig/rf (7e/£j inverse. 

Proof. If P G Hom(23 2 , »i) is a right inverse for T, so TP = idi, then ||(r , -T)P|| < 
|| T' — T || || P || < 1 and idi + (T" — T)P is an invertible element of the Banach algebra 
End(QSi). Define P = P(l + (T - T)P)-\ so TP' = idi and P is a right inverse 
for T'. Similarly for left inverses. □ 

The preceding elementary consequence of the usual characterization of invertible 
elements of a Banach algebra will be frequently invoked in this section and in partic- 
ular, in the proof of the proposition below. 

Proposition 3.2. Let X be a closed, oriented, Riemannian four-manifold with met- 
ric g, spin structure (p, W), and let E be a Hermitian two-plane bundle over X . Let 
(A , $ ) be a C°° pair on the C°° bundles (su(E), W + ®E) over X and let 2 < p < 4. 
Then there are positive constants e = e(Aq, <&o,p) and C = C(Aq, <&o,p) with the fol- 
lowing significance. Suppose that (a, 0) G L\ (X, A 1 (g> su(E)) © L\(X, W + (g> E) is an 
L\ solution on (su(E), W + <8> E) to the elliptic system ( |3.2D over X with (r, i?) = ; 
where ((,v,ip) is in L p . If ||(a, </>)||l 4 (x) < £ then (a, 0) is in and 

||(a,0)|| LWx) < C (||(C^,V)II^(X) + • 

Proof. The operator Pao.^o ^ s Fredholm (since it is elliptic with C 00 coefficients and 
X is closed), and so has a finite-dimensional kernel and cokernel. In particular, 
Ker T> Aoi ^ \ L 2 C C°°. Let IL be the L 2 -orthogonal projection onto KerT> Aoi ^ \ L 2 and 
let n 2 be the L 2 -orthogonal projection onto KerV Ao ^ o \ L 2 = (IrnX^^J^)- 1 -, the L 2 - 
orthogonal complement of the image of ImD^^J^. The L 2 -adjoint T>* Aq ^ o * s a S a i n 
a first-order linear elliptic operator with C°° coefficients and so KerV Ao $0 |l 2 C C°°. 
We may then rewrite our quasi-linear elliptic equation (|3.2| ) in the form 

n^v Ao> * ni{ a , 0) + n^{(a, 0), iLf (a, 0)} 

= -II 2 (P A) ,$ (a, 0) + {(a, 0), ILf (a, 0)}) 
- {(a, 0), ^(0,0)} + ^, -0,-0) == T. 

where Uf- = id — IL for i = 1, 2. Thus, we need to consider the existence and 
uniqueness problem for solutions (6, if) to 

(3.3) n^V Ao ^(b,<p) +n 2 L {(a,0),(o, V ?)} = T, 

where (&, G L^ fl (Ker T>a ,<s> ) l . Plainly, the operator 

n^P Ao , $0 : L? n (KeiV Ao> * ) x -> L? n (KerP^)- 1 
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is (left and right) invertible and hence this will also be true for any operator from 
L{n(KeTV Ao ,$o) X to L p n(Ker'D^ 0i<I)o )- L , such as U^V Ao ^ + U£{(a,4>), ■ }, which is 
sufficiently close in the Hom(L^ Aq , L p ) operator norm by Lemma |0| . Since T> Aoi $ and 
T>* Ao ^ o are first-order linear elliptic operators with C°° coefficients and U Ao ^ Hi = 
and V\ o $ o n 2 = 0, standard elliptic theory implies that 

(3.4) ||II 2 (£, w, g) || £U < C\\ (£, w, g) \\ 2 , (£, w, g) e L r k , 

lin^)^' <c||(6^)|| 2 , Mgii, 



for some constant C = C(A ,& , k,r), whenever k > 1 and rk > 4/3 or A; = and 
r > 2. 

Since (a, 0) is in Lf, the terms P4 ,<i>o( a ; 0) an d {(o, 0), (a, 0)} and {(a, 0), n^(a, 0)} 
are in L 2 , while the term {(a, 0), Ili(a, 0)} is in L\. The terms H<{D Afi ^{a, 0) an d 
n 2 {(a, 0), n^-(a, 0)} are each in C°°, while (^,v,i/j) is in L p , and so the right-hand 
side T of flpD is in W n (Ker V\ ^. 

Let g = 4p/(4 — p), so 4 < q < oo; there is a continuous multiplication map 
L 4 x L q — > LP and an embedding L? X C L q . So, as IT; 1 - = id — Il 2 , 

||n^-{(a»,(6, < ||{(a,0),(6^)}|U P + C||{(a,0),(6,^)}||^ 

<C||(a,0)|U 4 ||(6^)|U^ , 

1,A 

for some positive constant C = C(A ,Q ,p). By Lemma |37l] there is a positive 
constant e = e(A , $o,p) such that if \\(a, 0)||l 4 < £, the linear operator II^Dao^o + 
LT^Ka, 0), • } is (left and right) invertible as a map L\ n (Ker X> j4o ^J -1 — >■ LP fl 
(Ker X>^ o O ) ■ Since LL^a, 0) is a solution to ( |3.3|) when p = 2, then it is the unique 
solution for p = 2. 

Let (a p ,0 p ) e Ljfl (Ker X^o,*!))" 1 be the solution to ( |3.3|) . Then (a p ,0 p ) is also 
an L\ solution and by the uniqueness assertion we must have that (a p , P ) = IT 1 - (a, 0). 
Thus, Hi (a, (ft) is in L\ and so (a, 0) is in L\, since lli(a,0) is in C°°. Finally, the 



standard estimate for V Ao ^ , the estimate (|3.4j ), and equation (|3.2|) yield 

||(a,0)|| L P Ao < C(||P Ao , $o (a,0)|| LP + 11^(0,0)11^) 

° <C(||{(a,0),(a,0)}|U P + ||(C,^,^)||L, + ||n 1 (a,0)|| L2 ; 



and so the desired bound for (a, 0) follows by the Sobolev multiplication L 4 xL q — > L p , 
the embedding L± C L g , and rearrangement. □ 



Proposition |3.2| will have two main applications: the first is in our proof of remov- 
able singularities for PU(2) monopoles and the second is in our proof of C°° regularity 
for L\ solutions to the PU(2) monopole equation obtained by gluing |26|, ^7 . 



As is well-known from standard gauge theory, it is not possible to construct a well- 
defined quotient space using L\ pairs modulo L\ gauge transformations. We construct 
a quotient using L\ pairs modulo L\ +1 gauge transformations, with k > 2. We first 
establish a regularity result for the inhomogeneous PU(2) monopole and Coulomb 
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gauge equations, while in § |3~^ we show that any PU(2) monopole in L\ is L^ +1 -gauge 
equivalent to a PU(2) monopole in C°°. 



Proposition 3.3. Continue the notation of Proposition \3.3[ . Let k > 1 be an integer 
and let 2 < p < oo. Let (A , $ ) be a C°° pair on the C°° bundles {su(E), W + ® E) 
over X . Suppose that either 

• (a, 0) G L\(X, A 1 © Su(E)) © I%(X, W + ®E), with (f , 3) = 0, or 

• (a, 0) G Ll(X, A 1 © su(£)) © L2(X, © £?) 

is a solution on (su(E), W + <g> E) to the elliptic system ( |3.2| ) over X, where ((,v,ip) 
is in L\. Then (a, 0) is in L\ +l and there is a universal polynomial Qk{x,y), with 
positive real coefficients, depending at most on (Aq, $q), k, such that Qk{0, 0) = and 

W( a ^)hl +hAo (x) < Qk (\\{C,v,^)\\lI Ao (x), \\(a,4>)\\Ll Ao (x)) ■ 
In particular, if ((, v, if>) is in C°° then (a, 0) is in C°° and if (£, v, if>) = 0, then 

||(a, ^)|U| +i AqW < C\\(a,<f>)\\ LlAo{x) . 

Proof. We consider the cases k = 1, k = 2, and k > 3 separately. We may further 
assume without loss of generality that 2 < p < 4. 

Case 1 (ft = 1). Let Po = p and qo = q = 4p/ (4 — p), so that 1/p = 1/4 + 1/g and 
4 < g < oo. We have a continuous Sobolev multiplication map L 4 x — > L p and an 
embedding L\d L q . Since 

(3.5) PA ,*o( a >^) = + (C,v,ip), 

then elliptic regularity for T>a ,<s> implies that (a, 0) G L^ 1 , where pi = 2p/(4 — p) 
and gi = 4pi/ (4 — pi), so 2 < pi < 4 and 4 < gi < oo. Here, we used the Sobolev 
multiplication L 4 x L 91 — > L P1 to get {(a,0), (a, 0)} in L P1 and and the embedding 
L\ C L Pl to get ((,v,if;) in Let p = 2 + e and 5 = e/(2 — e), and note that 

2p 2p 

^ = i^ = ^ = (1+%>2+£ - 

If pj < 4, we inductively define p J+ i = 2pj/ (4 — pj) and g J+ i = 4pj/ (4 — pj) for j > 0. 
Therefore, we have pj > 2 + e and thus 

2Pi 2pi 

pj+i = Tztr > 9^7 = (1 + ^ > ^ > 2 + £ > 

^ Pj Z fc 

and so p J+ i > (1 + <5) J+1 p for j > 0. 

By repeating the above regularity argument when 2 < pj + i < 4, using (|3.5|) at 

each stage, we see that (a, 0) G for j > 0. We continue the induction until for 

large enough j > 0, we find that p' : = p J+1 > 8/3 and q' := g J+ i > 8, so (a, 0) G 

Lf 3 C L 8 . Therefore, with {(,v,i{j) GLjcL 4 and using the Sobolev multiplication 
L 8 x L 8 -> L 4 to get {(a,0), (a,0)} in L 4 , equation ([3]5]) gives (a, 0) G L 4 . The 
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Sobolev multiplication L\ x L\ — > L\ implies that the quadratic term {(a, 0), (a, 0)} 
is in Li and so ( |3.5|) gives (a, 0) G L\, as required. 



Case 2 (k = 2). From the case fc = 1 we continue the induction until p' > 8/3 and 
q' > 4. So, with ((, v, i/j) now in L\ C , equation ( |3.5| ) gives (a, 0) G L\ C C°. The 
Sobolev multiplication L\ x L| — > -L^ implies that the quadratic term {(a, 0), (a, 0)} 
is then in L\ and so (|3.5| ) gives (a, 0) G L4, as required. 

Case 3 (k > 3). There is continuous Sobolev multiplication map x — > and 
so the quadratic term {(a, 0), (a,0)} is in L^, since (a, 0) is in L\. Therefore, (|3~5p 



gives (a,0) G L| +1 . 

This completes the proof of the proposition. □ 



By combining Propositions |3]2| and pO we obtain the desired regularity result for 



L\ solutions to the inhomogeneous Coulomb gauge and PU(2) monopole equations: 

Corollary 3.4. Continue the notation of Proposition \3.Q . Let (Aq, $0) be a C°° 
pair on the C°° bundles (su(E), W + ® E) over X. Then there is a positive constant 
e = e(A , $ ) such that the following hold. Suppose that either 

• (a, 0) G L\{X, A 1 ® su(E)) © L\ (X, W + ®E), with (r, $) = 0, or 

• (a, 0) G Ll(X, A 1 © su(E)) © Ll(X, W+ © E) 

is a solution on (su(E), W + © E) to the elliptic system (|3.2| ) over X , where ((,v,ip) 
is in L\ and ||(a, 0)||i,4m < e an d k > is an integer. Then (a, 0) is in L\ +1 and 
there is a universal polynomial Qk{x,y), with positive real coefficients, depending at 
most on (A , <3> ), k, such that Qk(0, 0) = and 



W( a ^)\\Li +hAo (x) < Qk [IKCv^^Wli^AK^^Wlhx)^ 

In particular, if (£, v, ip) is in C°° then (a, 0) is in C°° and if ((, v, ip) = 0, then 

||(a,0)|| L , +i ^ (x) <C||(a,0)|| L2(x) . 

Remark 3.5. A similar sharp regularity result for solutions to the Coulomb and 
anti-self-dual equations (that is, (d^ + d^)a + (a A a) + = v) on the product bundle 
over S is given by Proposition 4.4.13 in f20| . The reader is forwarned that Corollary 
3T4] does not apply directly to show that L\ solutions to the PU(2) monopole equation 
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26| are C°° due to the unfavorable dependence of the constant e(A', on the 
approximate PU(2) monopole (A', $') when p > 2. However, a local version of this 
result, namely Corollary |3.11| below, is applicable in this situation. The point is 



explained further in . 
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3.2. Regularity of L\ solutions to the PU(2) monopole equations. We explain 
in this subsection why an L\ monopole (A, $) on the C°° bundles (su(E), W + <g> E) 
over X is gauge equivalent, via an L\ +1 determinant-one, unitary automorphism u 
of the bundle E, to a C°° solution u(A, $) on (su(E), W + <g> E) over X when k > 2. 
This regularity result contains, as special cases, Theorem 8.8 in []3~0|1 , for anti-self-dual 
connections, and Theorem 8.11 in |77| for Seiberg-Witten monopoles. 

We will need the following observation concerning the symmetry of the Coulomb 



gauge equation for pairs; the corresponding fact for connections is explained in 
p. 56]. 

Lemma 3.6. Let (A, $), (A , $ ) be L\ pairs on the bundles (su(E), W + (g) E) over 
X . If (A , $ ) is in Coulomb gauge relative to (A, $) ; so (^^((Aq, $ ) — (A, $)) = 
then (A, $) is in Coulomb gauge relative to (A , $ ), so d ^* $ ((A, <3>) — (A , <J> )) = 0. 

Proof. The equation d°l\((A , <3> ) — (A $)) = is the Euler-Lagrange equation for 

the functional Q 2 ^ k+l 9hh ||w(^4o, ^o) — (A, $)||| 2 , while the equation d°J^$ ((A, $) — 

(y4 , $o)) = is the Euler-Lagrange equation for the functional Q 2 ^ k+l 3 v i— > 
\\v(A,$)-(A ,$ )\\l 2 . 

But for any u G we have ||u(A ,$o) - (A *)IU 2 = *L>) - (A ,$ )||l2 

and so if the functional u \— > \\u(A , $ ) — (A, has a critical point at u = id#, 

then functional u^ 1 i— > ||M _1 (yl, $) — (t4 ,$o)|Il 2 wm a ^ so nave a critical point at 
u = id/?. □ 



Proposition 3.7. Let X be a closed, oriented, Riemannian four-manifold with spin c 
bundle W and let E be a Hermitian two-plane bundle over X . Let k > 2 be an integer 
and suppose that (A, $) is an L\ solution to ( |2.27| ) on the C°° bundles (su(E), W + ®E) 
over X . Then there is a L 2 k+1 determinant- one, unitary automorphism u of the bundle 
E over X such that u(A,&) is C°° over X . 

Proof It suffices, of course, to show that there is an L\ +1 gauge transformation u of 
E over such that u(A, $) is in L 2 k+1 . The C°° pairs (A , $o) on (su(E), W + <8>E) form 
a dense subspace of the space of L\ pairs and so, given e = e(A, $) > 0, there is a 
C°° pair (A , $ ) such that 

\\(A^)-(A ,%)\\ l1ao <e. 

For small enough e, Proposition |2.8| gives an L\ +1 determinant-one, unitary auto- 
morphism u of the bundle E such that u~ l (A , $ ) is in Coulomb gauge relative to 
(A,d>): 

d%(u-\A ,%)-(A,$))=0. 
Now u{d%{u-\A , $ ) - (A, $))) = d°^((A , $ ) - u(A, $)) and so 

<f A$) ((A ,$o)-n(A$)) = 0. 
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Therefore, (A , <£> ) is in Coulomb gauge relative to u(A, $) and Lemma |3]6] implies 
that u(A, $) is in Coulomb gauge relative to (A , <£>o), 

<%^(u{A,Q)-{A Oi Q )) = a. 

Let (a,0) = u(A,<S>)-(A ,® ), so that (a, 0) e L 2 k (X, A 1 ®su{E)) © L 2 k {X, W + ®E)- 
the Coulomb gauge condition then takes the simpler form d°£ ^ (a, 0) = 0. Since 
u(A, $) = (v4 , $o) + (a, 0) is an L\ monopole, then &((A , $ ) + (a, 0)) = and so 
(a, 0) is an L\ solution to the quasi-linear elliptic equation 

V Ao ^ {a, 4>) + {(a, 0), (a, 0)} = -6(A), $o), 



with C°° data — ©(A, $o)- The conclusion now follows from Proposition |3l| with 



C = and (v,tjj) = -6(A ,%). □ 



One of the convenient practical consequences of Proposition |377| is that we can 
always work, modulo global L 2 k+l gauge transformations, with C°° rather than L\ 
monopoles. For the remainder of this article, therefore, the term 'PU(2) monopole' 
is generally reserved for C°° solutions to the perturbed PU(2) monopole equations 
( P-27| ). In a similar vein, we generally reserve the terms 'gauge transformation' or 
'bundle map' for gauge transformations or bundle maps which are in C°°. 

Given Proposition |3.7| , we then have the following analogue of Proposition 4.2.16 
p0| , the corresponding result for the moduli space of anti-self-dual connections. 



in 



The proof is standard and so is left to the reader. 

Corollary 3.8. Continue the hypotheses of Proposition \3/% . Then for any k>2 the 

natural inclusion of topological spaces M^ E ^ is a homeomorphism. 

Thus, the topology of the moduli space M^ E of L\ monopoles is independent of 
the Sobolev spaces used in its construction for k > 2 and so we simply denote the 
moduli space by M W ^ E . 

3.3. Local regularity and interior estimates for L\ solutions to the inhomo- 
geneous Coulomb gauge and PU(2) monopole equations. In this section we 
specialize the results of §[TT] to the case where the reference pair is a trivial PU(2) 
monopole, so (A , $ ) = (r, 0) on the bundles (su(E), W + ® E), over an open subset 
Q G X, where T is a flat connection. 

We continue to assume that X is a closed, oriented four- manifold with metric g, 
spin c bundle W, and Hermitian two-plane bundle E extending those on 11 C I. 
We use the inhomogenous estimates and regularity results in our proof of removable 



singularities for PU(2) monopoles in § [4.3| and in our development of the gluing theory 
for PU(2) monopoles in sequels |26|, ^7) to the present article — especially to show 
that a global L\ gluing solution (a, 0) is actually C°°. We use the homogeneous 
estimates and regularity results in §|4], in our proof of the existence of an Uhlenbeck 
compactification for the moduli space of PU(2) monopoles. 



We have the following local versions of Propositions [JO and |3.3| and Corollary 
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Proposition 3.9. Continue the notation of the preceding paragraph. Let Q' <s= Q be 

a precompact open subset and let 2 < p < 4. Then there are positive constants e = 
e(Q,p) and C = C(Q' ,Q,p) with the following significance. Suppose that (a, 0) is an 
Lf(Q) solution to the elliptic system ( |3.2j ) overQ for (r, $) = ; with (Aq, $o) = (r, 0) 
and where ((,v,ip) is in L P (Q). If \\(a, 0)||.L 4 (fi) < £ then (a, 0) is in L^Q') and 

II (a, 0) Wli^') < C (|| (C, «, V) ||iP(n) + II (a, 4>) ■ 

Proof. Choose an open subset Q" such that Q' d= Q" d Q. Let x be C°° cutoff function 
such that supp x C fi" and x = 1 on Let /? be a cutoff function such that (3=1 
on supp x an d supp (3 C fi". Since (a, 0) is a solution to (|3.2|) with right-hand side 
(C, v,if)) over fi, then x(a, 0) solves 

^r,oX(a, 0) + {(a, 0), x(a, 0)} 

= X^r,o(a, (j)) + dx® (a, 0) + x{(a, 0), (a, 0)} 
= x(C, u, + rfx ® (a, 0) =: (C, v', 
Thus, x{ a i 0) is an L\ solution over X to the linear elliptic system over X, 

p r ,o(M + {/WMM} = (C>^'), 

with L\ coefficient (3 (a, 0) and right-hand side ((',v',ip')- Since ||/3(a, 0)||l 4 (x) < 
II (a, 0)IU 4 (n), the proof of Proposition [T2] implies that x( a ; 0) is i n L\ over X if 
e = e(g, Q,p) is sufficiently small. Thus, (a, 0) is in L\ over f2' with 

11x0,0) lli^ r (x) < (IKO'^OIU^x) + ||x(a,0)|| L 2 (x) ) , 

and therefore, for 2 < p < 4, we have 

ll(o,0)|Uf r (n') < C (|| (C,v, ip)\\ L v{w>) + \\(a,<f))\\LP(n»)) ■ 

The preceding bound and the Sobolev embedding L\ C L p give the estimate 

0)||iP(O") < c\\{ a A)\\ L l r (n") < C (|| (C,v, V>)IU 2 (f>) + II K 0)IU 2 (n)) • 

Combining these inequalities then gives the required L\ estimate for (a, 0) over Q'. □ 

Proposition 3.10. Continue the notation of Proposition \37{\ . Let k > 1 fre an mfe- 
oer, and let 2 < p < oo . Suppose that either 

• (a, 0) zs an iyf (0), u>aen (r, i?) = ; or 

• (a, 0) is an L\(p) 

solution to the elliptic system ( |3.2| ) owerfi with (A , $ ) = (T,0) ; where ((,v,ip) is in 
L 2 k (VL). Then ( a, 0) zn and there is a universal polynomial Qk(x, y) , with 

positive real coefficients, depending at most on k, Q' , Q, such that Qk{0,0) = and 

ll(a,0)||L| +lir (n') < Qk (iKC^VOIL^n), ll( a > 0)IU* r (n)) • 
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If (£, v , ip) is in C°°(fl) then (a, 0) is in C°°(fi') and if ((, v, ip) = 0, then 

IK a '^)lk +1 ,r(^') - C W( a ><f>)\\Ll r (n)- 

Proof. Again, choose an open subset ft" such that fl' <s fl" <s fl, let x be C°° cutoff 
function such that suppx C fl and x = 1 on ft" and let (3 be a cutoff function 
such that (5 = 1 on suppx and supp/? C fl. Since (a, 0) is a solution to ( |3.2| ) with 
right-hand side ((,v,i/;) over ^> then x(a, 0) solves 

£r,oX( a > 0) + {x(a, 0), x(a, 0)} 

= X^r,o(a, <P) + dx® (a, 0) + x{(a, 0), (a, 0)} + x(x - 0), (a, 0)} 

= x(C) ^ ^) + ® (a, <P) + x(x ~ !){( a > 4>), ( a > 0)} 

= : (c>',n 

Note that is i n L^,(X), while <ix ® (a, 0) is in L\(X) and the Sobolev 

multiplication L q x L q ^ L Pl implies that x(x ~~ l){( a ) 0); ( a > 0)} is m L Pl (X), where 
Pl = q /2 = 2p/(4 - p) > p. Thus, ((', v', is in L P1 (X). 

The proof of the case k = 1 in Proposition |3.3| then implies that %(a, 0) is an L^ 1 (X) 
so (a, 0) is in ^(fl"). We now repeat this process for each of the remaining steps in 
the proof of Proposition 3J, at each stage on successively smaller open subsets fl'" 
such that fl' (s ft'" d fl", until we obtain (a, 0) in L\ +l {fl') and the desired L\ +l {fl') 
estimate. □ 



Corollary 3.11. Continue the notation of Proposition \3. 1 Z . Then there is a positive 
constant e = e{fl) with the following significance. Suppose that either 

• (a, 0) is an L\{fl), when (r, i?) = 0, or 

• (a, 0) is an L\(fl) 

solution to the elliptic system ( |3.2| ) over fl with (A , $ ) — (r,0), where ((,v,ip) is 
in L\(ft) and ||(a, 0)||l4(q) < £■ Then (a, 0) is in L\ +1 (fl') and there is a universal 
polynomial Qk(x,y), with positive real coefficients, depending at most on k, fl' , fl, 
such that Qk(0, 0) = and 



IK a '0)N +1 , r (^') ^ Qk [\\(C,v,ip)\\ L l r (n), II (a,0)|Ua ( n)^ 

If((,v,ip) is in C°°(fl) then (a, 0) is in C°°(fl') and if ((,v,ip) = 0, then 

IIO,0)IU| +ir (fi') < C\\(a,0)\\ L 2 (n) . 

Corollary |3. 1 1| thus yields a sharp local elliptic regularity result for PU(2) monopoles 
(A, $) in Li which are given to us in Coulomb gauge relative to (r, 0): this regularity 
result is the key ingredient in our proof (given in §4.3] ) of removable point singularities 
for PU(2) monopoles. 
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Proposition 3.12. Continue the notation of Corollary \3. 7J . Then there is a positive 
constant e = and, if k > 1 is an integer, there is a positive constant C = 

C(Q', Q, k) with the following significance. Suppose that either 

• (A, $) is an Li, when (r, = ; or 

• (A, $) is an L\ 



solution to the PU(2) monopole equations (|2.27|) over Vt, which is in Coulomb gauge 



over Q relative to (r,0) ; so d^(A — T) = 0, and obeys \\(A — T, ^)\\L 4 (n) < £■ Then 
(A - T, $) is in C°°(n') and for any k > 1, 

\\(A-r,$)\\ Llr{nl) <c\\(A-r,$)\\ LHn) . 

Proof. Corollary [3.11| applies to the Ll(Q) pair (a, <fi) = (A — T, $) and yields the 
required regularity and estimates for (A — T, $) with (£, v, ip) — in ( |3.2|) . □ 



3.4. Estimates for PU(2) monopoles in a good local gauge. It remains to 
combine the local regularity results and estimates of §3.3| , for PU(2) monopoles (A, $) 
where the connection A is assumed to be in Coulomb gauge relative to the product 
SO (3) connection T, with Uhlenbeck's local, Coulomb gauge-fixing theorem. We 
then obtain regularity results and estimates for PU(2) monopoles (A, $) with small 



curvature Fa, parallel to those of Theorem 2.3.8 and Proposition 4.4.10 in |20| for 
anti-self-dual connections. 

In order to apply Corollary [3.11| we need Uhlenbeck's Coulomb gauge-fixing result 
|95| , Theorem 2.1 & Corollary 2.2]). Let B (respectively, B) be the open (respectively, 
closed) unit ball centered at the origin in M 4 and let G be a compact Lie group. In 
order to provide universal constants we assume R 4 has its standard metric, though 
the results of this subsection naturally hold for any C°° Riemannian metric, with 
comparable constants for metrics which are suitably close. 

Theorem 3.13. There are positive constants c and e with the following significance. 
If 2 < p < A is a constant and A £ L^(B, A 1 (g) $j) fl L\(dB, A 1 <g> g) is a connection 
matrix whose curvature satisfies \\Fa\\lp{b) < £, then there is an gauge transformation 
u G L\{B, G) fl L^{dB, G) such that u(A) := uAu^ 1 — (du)^ 1 satisfies 

(1) d*u(A) = on B, 

(2) = on OB, 

( 3 ) IK^)IUf(B) < c||F A ||ii.(B)- 

If A is in L p k (B), for k > 2, then u is in L p k+l (B). The gauge transformation u is 
unique up to multiplication by a constant element of G. 

Remark 3.14. If G is abelian then the requirement that ||-F4||lp(b) < £ can be 
omitted. 
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It is often useful to rephrase Theorem |3.13| in two other slightly different ways. 
Suppose A is an L\ connection on a C°° principal G bundle P over B with k > 2 



and ||-Fa||l 2 (b) < £■ Then the assertions of Theorem [3.13] are equivalent to each of 
the following: 

• There is an L\ +1 trivialization r : P — > B x G such that (i) d^{r{A) — V) = 0, 
where T is the product connection on B x G, (ii) J^j(t(A) — T) = 0, and (iii) 
\\(t(A)-T)\\ l1{b) <c\\F a \\ lHb) . 

• There is an L\ +1 flat connection r on P such that (i) d^(A — T) = 0, (ii) 
§i J {A— r) = 0, and (iii) r)|| L 2^ < c|| ^F^a || z, 2 ( j b) 5 an d an trivialization 
P\b — B x G taking T to the product connection. 

We can now combine Theorem |3.13| with Proposition |3.12| to give the following 



analogue of Theorem 2.3.8 in ]20] — the interior estimate for anti-self-dual connections 
with L 2 -small curvature. 

Corollary 3.15. Let B C M 4 be the open unit ball with center at the origin with spine 
structure (p, W), let U <<= B be an open subset, and let T be the product connection 
on B x SO (3). Then there is a positive constant e and if £ > 1 is an integer, there is 
a positive constant C(£, U) with the following significance. Suppose that either 

• (A,$) is an L\, when (r, i?) = 0, or 

• (A,$) is an L\, k > max{2,£}, 



solution to the PU(2) monopole equations ( 2.27 ) over B and that the curvature of 
the SO(3) connection matrix A obeys \\Fa\\l 2 {b) < £• Then there is an L\ +1 gauge 
transformation u : B — > SU(2) such that (u(A) — T, u$) is in C°°(B) with d*(u(A) — 
T) = over B and 



(u(A)-V,u^ l1t{u) <C\\F a \\^ {b) . 



Proof. Let E\ be the constant in Theorem |3.13| and note that for £ < £i, Theorem 



3~13| (taking G = SO (3)) and the Sobolev embedding L\(B) C L 4 (B) imply that 



there is an L\ +1 gauge transformation u : B — > SU(2) (by lifting the SO (3) gauge 
transformation) such that 

d* r (u(A) - T) = 0, 
\\ U (A) - r||i*(B) < ci\\F a \\l2(b) < c x e. 



On the other hand, the quadratic equation for $ in ( j2.27| ) and Lemma 2.26 give the 
L 4 and L 2 estimates, 

||u$IU* ( B) = ||^|U4 ( b) < 2||F+||^ 2 2 (i3) , 
||«*||l2(b) < 211^x11^?^. 
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Let e 2 be the constant in Proposition |3.12| . Hence, if c\e < e 2 and < e 2 , then 
Proposition |3.12| implies that (u(A) — T, u$) obeys 

|| (u(A) - r, uQ) \\ Llriu) < C\\ (u(A) - r, «$) \\ L2(B) , 

since d^(u(A) — Y) = and ||(«(A) — T, < £2- The desired estimate follows 

by combining these inequalities for small enough e < 1. □ 

Again, it is often useful to rephrase Corollary |3.15| in the two other slightly different 
ways. Suppose i > 1 and that (A, $) is a PU(2) monopole in L\ on (su(E), W + ® E) 
over the unit ball B C R 4 with > max{2,£}, ||-Fa||l 2 (_b) < £ and U (<= B. Then the 
assertions of Corollary |3.15| are equivalent to each of the following: 

• There is a C°° trivialization r : E\b — > B x C 2 and a determinant-one, 
unitary bundle automorphism w of £/|b such that, with respect to the product 
connection r on B x su(2), we have (i) dJ(r«(A) — T) = 0, and (ii) ||(ru(A) — 

r.ru^ll^^C^llFxIl^. 

• There is an L\ +l flat connection V on su(E)\b such that (i) d^(A-T) = 0, and (ii) 
\\(A— T, $)||i| r ( C /) < c||Fa||^3 b s, and an L 2 k+1 trivialization su(E)\ B ~ £?xsu(2) 
taking T to the product connection. 

Corollary |3.15| immediately yields the following local compactness result for PU(2) 
monopoles analogous to the local compactness result for anti-self-dual connections in 
0, Corollary 2.3.9]. 

Corollary 3.16. Let B C M 4 be the open unit ball and spin structure (p, W). Then 
there is a positive constant e (g, A detw +, A detE ) with the following significance. Let 
U <s B be an open subset and let k > 2 be an integer. If (A a , $ a ) is a sequence of 
PU(2) monopoles in L\ on (su(E), W + <8> E) over B such that 

\\FaJ\lhb) < £0, 

then the following holds. There are a subsequence {a'} C {a}, a sequence of determinant- 
one, unitary L\ +l automorphisms {u a >} of E\b and a sequence of gauge equivalent 
pairs (A a r,$ a >) := u a i(A a i,$ a >) which converge in L 2 kloc on U to a PU(2) monopole 
(A, $) over U. 

We will also need interior estimates for PU(2) monopoles in a good local gauge over 
more general simply-connected regions than the open balls considered in Corollary 
3.15| . Specifically, recall that a domain Q C X is strongly simply- connected if it has an 
open covering by balls Di, . . . , D m (not necessarily geodesic) such that for 1 < r < m 
the intersection D r n {D\ U • • ■ U D r _i) is connected. We recall (see [f20|, Proposition 
2.2.3] or 0, Proposition 1.2.6]): 

Proposition 3.17. If T is a C°° flat connection on a principal G bundle P over a 
simply-connected manifold Q, then there is a C°° isomorphism P ~ Q x G taking V 
to the product connection on Q x G. 
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More generally, if A is C°° connection on a G bundle P over a simply-connected 
manifold- with-boundary £l — Q U dQ with L p -small curvature (with p > 2), then 
Uhlenbeck's theorem implies that A is Lg-gauge equivalent to a connection which 
is L^-close to an L\ flat connection on P (see |)6], Corollary 4.3] or J2(| p. 163]). 



The following a priori interior estimate is a straightforward generalization of p0| , 
Proposition 4.4.10]: the method of proof is identical to that described in pU| , pp. 161 
162] and uses a patching argument for gauge transformations employed by Uhlenbeck 
in the proof of Theorem 3.6 in p5 |. The required bound for the connection in terms 



of its curvature is obtained by covering the given open region with balls and applying 
the estimate of Corollary |3.15| in place of Theorem 2.3.8 in PD| . 

We recall from Proposition |2.16| that any automorphism of the SO (3) bundle 
su(E)\q over a simply-connected open subset Q C X lifts to a determinant-one, 



unitary bundle automorphism of E\q. The method of |2^, pp. 161-162] then yields: 



Proposition 3.18. Let X be a closed, oriented, Riemannian four-manifold with 
spin c structure (p, W) and let Q C X be a strongly simply- connected open subset. 
Then there is a positive constant e(Q) with the following significance. For Q' d Q a 
precompact open subset and an integer £ > 1, there is a constant C(£, Q', Q) such that 
the following holds. Suppose (A, $) is a PU(2) monopole in L\ on (su(E), W + <S> E) 
over Q with k > max{2,£} such that 

II-FaIIl 2 ^) < e. 

Then there is an L\ +1 flat connection V on su(E)\q/ such that 

and an L\ +1 trivialization su(E)\qi ~ Q' x su(2) taking T to the product connection. 
4. Uhlenbeck compactification for the moduli space of PU(2) 

MONOPOLES 

Our goal in this section is to prove the existence of an Uhlenbeck-type compactifi- 
cation of the moduli space of PU(2) monopoles analogous to the Uhlenbeck compact- 
ification of the moduli space of anti-self-dual connections [p0 |. A compactification of 



this type, for the unperturbed moduli space of PU(2) monopoles, was first outlined 
by Pidstrigach and Tyurin |7l| , |74| . By construction our holonomy perturbations are 
continuous with respect Uhlenbeck limits, as outlined in § [4.5.2| . 



In § f4.1| we establish the Bochner-Weitzenbock formulas for the coupled Dirac opera- 
tors Da and D* A and the a priori bounds satisfied by the section $ and the curvature 
Fa, if (A,&) is a PU(2) monopole on (su(E),W + (g> E); these generalize the well- 



known a priori bounds for Seiberg-Witten monopoles |47], |62|, [77). In our proof of 
removable singularities we need to take into account the variation of spin c structures 
with the Riemannian metric and the rescaling behavior of the PU(2) equations: this 
variation is discussed in 50~2- 
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In § [4.3| we prove the removability of point singularities for PU(2) monopoles. T. 
Parker established the removability of point singularities for solutions to the second- 
order coupled Yang-Mills equations, namely, oI* a Fa = and = 0, for a unitary 



connection Aon E and a section $ of W®E, where q is a certain quadratic form [[70 
This generalizes the corresponding results of Uhlenbeck in the case $ = 0, where the 
above system then reduces to the second-order Yang-Mills equation (RUL M ; proofs of 



removable singularities for anti-self-dual connections are given in pO] (see also ||96|| ). 
D. Salamon has given a proof of removable singularities for Seiberg-Witten monopoles 
]77| , Chapter 9] . The arguments of Uhlenbeck and Parker rely on pointwise curvature 
and energy decay estimates; Salamon's argument relies on energy decay estimates 
and elliptic regularity results for Seiberg-Witten monopoles. The proof we give for 
PU(2) monopoles is rather different and instead relies heavily on our C°° regularity 
result for Coulomb-gauge PU(2) monopoles in L\ (Proposition |3.12| ): this is similar 
to the strategy used by Donaldson and Kronheimer in |^0|1 . 

The technical ingredients we need for patching sequences of local gauge transfor- 
mations are described in §fO| and the Uhlenbeck closure Myp,E is defined in § |4.5| , by 
analogy with the corresponding definition for the moduli space of anti-self-dual con- 
nections in |^0, §4.4]. In § [4.5.2| we describe how the holonomy perturbations extend 



continously with respect to Uhlenbeck limits and induce holonomy perturbations on 
all lower-level moduli spaces of PU(2) monopoles. We then define the Uhlenbeck 
closure for the moduli space of perturbed PU(2) monopoles. 



In §4.6| we prove Theorem which asserts that the Uhlenbeck closure Mw,e is 
compact. The main analytical ingredients in the proof comprise the regularity results 
and estimates of §131; the a priori bounds of § [4.1| provide a 'universal energy bound' 
for a PU(2) monopole (A, <3>) and this bound plays the same role here in establishing 
the existence of an Uhlenbeck compactification as the usual topological bound for 
the energy of an anti-self-dual connection in PC|| . The scale invariance of the PU(2) 
monopole equation described in §fO is used here in much the same way that the 



conformal invariance of the anti-self-dual equation is exploited in 

The parameters tq,$ ,t,$ are chosen so that the perturbation estimates ( |2.29|) 



are satisfied. These bounds follow from Proposition |A.13| , with k > 2 for the first 
inequality in (|2.29| ) and k > 3 for the second, if 



(4- 1 ) H^ll^cc-pc)) < £tf an d IMI/J(c*(;r)) < e T , 

with suitable positive constants e T and e$. These constraints are needed in the proofs 



of the a priori estimates in Lemmas [4.2| , ^4.3| , and |4.4| of §4.1| and hence in the proof 
of Theorem |4.20| in §4.6| . For the remainder of the article we therefore require that 
k>3. 

4.1. Bochner formulas and a priori estimates for PU(2) monopoles. In this 
section we apply the Bochner- Weitzenbock formula for D* a Da together with Kato's 
inequality and the maximum principle to derive a priori estimates for solutions (A, $) 
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to the PU(2) monopole equations ( 2.27|) . These estimates then lead to a vanishing 
result generalizing that of |)8], pp. 781-782]. 

We first have a generalization of the usual Bochner-Weitzenbock identity for Seiberg- 



Witten monopoles [47, 52, 77, 89, 98 



Lemma 4.1. Let X be an oriented, Riemannian, four-manifold with spin structure 
(p, W), and let E be a Hermitian bundle over X . If A denotes a U(2) connection on 
E, Va '■ fi°(W /± ® F) — > fi 1 (W /± <8)E) are the covariant derivatives defined by A, and 
D A : Q°(W + <g) F) — > Q°(W~ (g) E) the Dirac operator, then 

(la) D\D A = V\V A + \R + p + (F+) + §p+(itfj, 

(2a) D A D\ = V* A V A + \R + p_(Fj) + |p_(F+J, 

where R is the scalar curvature of the Riemannian metric and Al = A detw + is the 
induced connection on L = det W + ~ detW~ . If A denotes an SO(3) connection on 
su(E), then 

(lb) D A D A = V A V A + \R + P+ (F+) + \ P+ {FX L + Ft), 

(2b) D A D* A = V* A V A + ±F + p_(Fj) + \p-{F^ + F+ ), 

where A e = A detE is the fixed connection on det F and the identification ad : su(F) ~ 
so(su(F)) zs implicit. 

Proof. We just consider the first pair of identities, as the second follow immediately 
from the fact that F(A E ) = F(A BU ( E )) + \F(A AetE ) ®\& E . Over any sufficiently small 
local coordinate neighborhood U in X we have a local spin structure and a Hermitian 
spin bundle S such that W\u = S ® L 1 / 2 , where L 1 / 2 is a Hermitian line bundle over 
U such that (L 1//2 )® 2 = L\u and with induced unitary connection \Aj_,. Applying 
the Bochner-Weitzenbock identity of []57L Theorem II. 8. 17] to the Hermitian bundle 
S <8> L 1 / 2 g) F over [/ with unitary connection V A given by the tensor product of V s , 
Vg-i^ , and Vf gives 

Fa = V a Va + \R + p(F LV 2^ E ), 

where F L i/2^ E is the curvature of the tensor product connection V^-i^ ^>idE+id L i/2^> 
on L 1/2 <g> F. Since 

F L i/2® E = F 2 -i Al ® ids + id L i /2 ® Fa = |F Al , ® id s + id £ i/a ® Fa, 

then 

p(F L i/2 0jB ) = |p(F4 L ) ® id s + id L i /2 ® p(F A ), 
and hence on Q°(Zy, H 7 g> F), we have 

D\ = V* A V A + \R+ \ P {F Al ) + p(F A ), 
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which is plainly independent of the local splitting W = S <8> L 1 ^ 2 and so gives an 
identity on Q°(X, W <E> E). From the decomposition p = p + © p_ we have 

p ± {F A )§ ± = p ± {F±)<$> ± and p ± (F A J$ ± = p ± (F±J$ ± , 

for any $ ± G fi°(X, W ± ® and so the result follows. □ 

As in the case of the abelian monopole equations, the equations (|2.27|) and Lemma 
O combine to give a priori estimates for solutions (A, $) which play essential role 



in the proof of existence of the Uhlenbeck compactification. 

Lemma 4.2. Let X be a closed, oriented, Riemannian four-manifold with spin 
structure (p, W), and Hermitian line bundle det E with fixed unitary connection. Then 
there is a positive constant K\, depending only on the L 2 norms of the scalar cur- 
vature R, the curvatures F(A detE ) and F(A detw +) such that the following holds. If 
(A, $) is an L\ solution on (su(E), W + ® E) to the PU(2) monopole equations ( |2.27| ) 
over X , then 

||$IU*(X) < Ki and \\V a ®\\l*(X) < K x . 
Proof. We may assume that (A, $) is a C°° pair. Then Lemma |4.1| gives 

(D* A D A <1>, $) = (V^V A $, $) + \(R&, $ ) + (p(Ft)<Z>, $) + \{ P {FX l + F+ $), 
while the first equation in ( |2.27| ) gives 

p(F+) = P T A p-\<$>® $*) 00 . 
So, using the second equation in (|2.27|) and integration by parts, we obtain 



Consequently, Lemmas |2.18| and [2.26| , Holder's inequality, and the estimate for f A in 
( g2g ) imply that 

i|i$n 4 L4 + \\v A nh < (\\\r\\v + \\\n L \w + \\wt\w + \Wa\\%) wnh. 



Thus, if <& ^ 0, the above inequality and the estimate for d A in (|2.29|) gives the 



required L 4 estimate for $. Then the above inequality and the L 4 estimate for $ 
gives the L 2 bound for V^. The bounds hold trivially if $ = 0. □ 

The preceding a priori L 4 estimate on the section $ yields a priori L 2 bounds on 
the components of the curvature, and F^, if (A, $) is a PU(2) monopole: 



Lemma 4.3. Continue the notation and hypotheses of Lemma Then there is 

a constant a positive constant K"£ , depending only on the L? norms of the scalar 
curvature R, the curvatures F(Ad e tE) and F(Adetw+) an d a positive constant , 
depending only on and p%(su(E)), such that the following holds. If (A, $) is an 
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L\ solution on (su(E),W + ® E) to the PU(2) monopole equations (12.271 ), then the 
following hold: 



A Hi 2 



< Kt and \\F 



a 



< K: 



Proof. Lemma |2.26j and the first PU(2) monopole equation in ( [2.27D imply that 



\^<i\m\h 



and so the L 4 bound for $ in Lemma 12 gives the first estimate. The Chern-Weil 
integral identity Q2.33j ) implies that 

/ \FX\ 2 dV< [ \FX\ 2 dV + M 2 {c 2 {E)-\ Cl {Ef), 
J x J x 



and so the second estimate follows from the first. 



□ 



Lemmas O and |4.3| yield an a priori bound K on the 'energy' of a PU(2) monopole 
(A, $) in terms of the scalar curvature R, the connections on det W + and det E and 
Pl (su(E)): 



(4.2) 



/ (\F A \ 2 + |$| 4 + |V A $| 2 ) dV< K, 
Jx 



We use Lemmas |4.2| and [O] to provide the 'energy bound' assumed in our proof 
of removable singularities (Theorem |4.1U[ ) and we use Lemma |4.3| to give a lower 
bound on the second Chern class of an ideal monopole appearing in the Uhlenbeck 
compactification of the moduli space of PU(2) monopoles (see < |4.5| and the conclusion 
of the proof of Theorem [4.20| in § |4.6|) . 



As in the case of the U(l) monopole equations ]47 , |98| , the Bochner-Weitzenbock 
identity and the maximum principle yield a priori C° estimates for $ and F^ when 
(A, $) is a PU(2) monopole. 



Lemma 4.4. Continue the notation and hypotheses of Lemma Then there is a 
non-negative constant K 3 , depending only on the C° norms of the scalar curvature R 
and the curvatures F^A^e) and F(A^ et w+), such that the following holds. If (A, $) 
is a C 1 solution on (su(E),W + ® E) to the PU(2) monopole equations ( |2.27| ) then 
the following hold: 



|^Hc°(X) — ^3 



and 



|^aIIc°(X) < K 3 . 



Proof. We may assume that the pair (A, $) is C°°. The analogue of Equation (6.18) 
of [[3(J for Hermitian bundles (see |77|, §8.3]) reads 

|A|$| 2 + |V A $| 2 = Re(V* A V A <5>, 

where A = d*d on Q°(X, R). Since $ is continuous, |$| achieves its maximum at 
some point x G X, so A|$| 2 (x ) = — V efl V efl |$| 2 (x ) > and thus at x : 

Re(V^V A $,$) > |V A $| 2 . 
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Let {e^} be a local oriented, orthonormal frame for the tangent bundle TX such that 
(V eii e lJ ) Xo = 0, where {e^ 1 } is the dual coframe for the tangent bundle T*X. Since 

Da& = — $a*& by the second equation in (|2.27|) , at xq we have 
(D A D A $,<!>) = -(D A A <l>),<f>) 

= -<p(e^)(V e/ A) <&,<&) - (p( e ^)^V^,$), 
and so (using the inequality ab < \a 2 + b 2 ) we get the following bound at x : 
\(D A D A $,$)\ <4|V A # A ||$| 2 + 4|^||V^||$| 



< 4|V a ^a||$| 2 + 4 (|#a| 2 |$| 2 + ||V A $| 2 ) 
= 4(|V^ A | + |^| 2 )|$| 2 + |V A $| 2 . 



Recall that the first PU(2) monopole equation in fl2.27| ) gives 

p{F+) = P t aP - 1 {$® $*) 00 . 

The endomorphism pr j4 p _1 ($ ® $*)oo of W + ® E lies in su(W + ) <g> su(E) and in 
particular is Hermitian, so 

Re( P T A p-\$ <g> $*)oo$, $) = ® $*)oo$, 

and similarly for the endomorphism p(F A ). We now combine Lemmas [2.26| and [O 
and the first equation in ( |2.27| ) to get an estimate for $ at the point xq: 

= (p(F+)$,$) 

= Re(D A D A $, $) - Re(V^V A $, $) - \(RQ, $) 

We now combine the last inequality with our estimates for (D^D^^, $) and (V^V^, $) 
to obtain the following bound for $ at Xq\ 

||$| 4 < 4 (|V>a| + |^| 2 ) |$| 2 + |V^$| 2 

-|V A $| 2 -ii?|$| 2 + |(|F+J + |F+|)|$| 2 
< 4 (|VA| + |^| 2 ) |$ I 2 - |W + | (|FjJ + |F+ |) |$| 2 , 

Either $(xo) = 0, and so $ is identically zero, or at the point x the preceding 
inequality implies that 

|$| 2 < 8 (\V a #a\ + \#a\ 2 ) -±MR+\F+ l \ + \F+ |, 

which gives the first desired estimate. Then the second desired estimate follows from 
Lemma |2.26| , the first equation in (|2.27| ), and the estimate for $a i n (|2.29|) . □ 
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We use Lemma |4.4| in § |4.6| to show that the curvature of a PU(2) monopole connec- 
tion A concentrates at points with integer multiplicities given by the second Chern 
classes of limiting (ideal) anti-self-dual connections over S 4 (see Lemma |4.21|) . These 
C° estimates yield the following analogue of Witten's vanishing theorem |98|, §3] for 
U(l) monopoles over four-manifolds with non-negative scalar curvature. 

Corollary 4.5. Continue the notation and hypotheses of Lemma \4-4\ and suppose 
K 3 < 0. If (A, $) is a C 1 solution on (su(E),W + <g> E) to the PU(2) monopole 
equations ( J2.27|) then $ = and = 0. 



Remark 4.6. The proof of Lemma O shows that 



K 3 = max{o,-iMR + 80 A \\ L ~ AX) + ||F+J C o (x) + || C o (x) } . 

In particular, we see that if X = S 4 has its round metric of scalar curvature R = 1, 
standard spin c structure with c\{W + ) = and Fa l = 0, the Hermitian bundle E has 
Ci(E) = and Fa e = 0, and we have $ = 0, then $ = and A is an anti-self-dual 
SO (3) connection. 

4.2. Scale invariance of the PU(2) monopole equations. In this section we de- 
scribe the behavior of the PU(2) monopole under rescaling of the Riemannian metric. 
As is well-known, the anti-self-dual equation is conformally invariant. Although the 
PU(2) monopole equations are not conformally invariant they are, like the Seiberg- 
Witten equations, invariant under constant rescalings of the metric in a sense we 
describe below. 

Suppose that A > is a constant and that the Riemannian metric g on T*X is 
replaced by X 2 g. Since the Clifford map p is compatible with g, the Clifford map 

p X 2 g = Xp g : T*X -> End(W) 

is compatible with X 2 g, as for any a G Q 1 (X, M.) it satisfies 

p\2 g (a) j p X 2g(a) = \ 2 p g {ot) ] pg(a) = \ 2 g(a, a)id w - 

It extends in the usual way to a linear map p\2 g : A'(T*X) ®C — > End(W). The Levi- 
Civita connection on T*X for the metric g coincides with the Levi-Civita connection 
on T*X for the rescaled metric X 2 g, so the SO (4) connection on T*X induced by the 
unitary connection on W and the Clifford map p A 2 g : T*X — > End(VF) is still torsion 
free. 



Lemma 4.7. If (A, $) is a solution to the PU(2) monopole equations (|2.27| ) for the 



metric g on T*X , then (A } A$) is a solution to the PU(2) monopole equations for the 
rescaled metric X 2 g on T*X , where X is a positive constant. 

Proof. The projection P + {X 2 g) = |(1 + * X 2 g ) from A 2 (T*X) to A+(T*X) is given by 
P + (X 2 g) = P + {g), while the induced map p x z g ■ A 2 (T*X) -> End(W) is given by 
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p\2 g = X 2 p g . Therefore, 



p x2g (P + (X 2 g)F A ) = X 2 p g (P + (g)F A ). 



Consequently, we see from ( |2.27| ) that if (A, $) is a solution for the metric g then 



(A, A$) is a solution for the metric X 2 g. □ 



Remark 4.8. By adapting the proof of Theorem II. 5. 24 in |T7[ we see that if g 



is replaced by the conformally equivalent metric h~~ 2 g, then D h A 9 = h 5 ^ 2 D 9 A h~ 3 ^ 2 . 
Thus, while the proof of Lemma [4.7| adapts without change to show that the first 
equation in ( [2.27| ) is invariant under the transformation (A, $) i— > (A, h&) when 
g i — > h~ 2 g, the second equation (when $ = 0) is invariant under the transformation 
(A, $) f— > (A,h 3 / 2 &). It is this incompatibility which prevents the PU(2) monopole 
equations from being conformally invariant, although they are scale invariant in the 
sense described above. 

The proof of the existence of an Uhlenbeck compactification (Theorem |1 . 1|) in §|] 
relies on local regularity and removable singularity results for solutions to ( |2.27| ) over 



the unit ball B in R 4 . The requirements that the L 2 norm of the curvature F A and 
the L\ norm of section $ be sufficiently small are met via a rescaling argument. 

4.3. Removable singularities. Given the sharp local elliptic regularity result of 
Proposition |3.12| for PU(2) monopoles in Coulomb gauge in Lf, we can now establish 



a removable singularities theorem for PU(2) monopoles analogous to Theorem 4.1 in 
in the case of the Yang-Mills equations, and Theorem 8.1 in ]7D| , in the case of 



the coupled Yang-Mills equations. Our method is modelled on the proof of Theorem 
4.4.12 in [^1]] - the removable singularities result for the anti-self-dual equation - 
which uses a local elliptic regularity result for L\ solutions to the Coulomb gauge 
and inhomogeneous anti-self-dual equation (namely, Proposition 4.4.13 in |^D[) and 



which in turn has its antecedent in the proof of Theorem 4.5 in |96|| . This, of course, 
is not the only possible approach: Uhlenbeck's original argument |M| employed a 



differential inequality to obtain a pointwise decay estimate for solutions near the 
singular point and this was the method generalized by Parker to the case of certain 



coupled Yang-Mills equations; see also ]77|, §9.2] for a proof of removable singularities 



for Seiberg-Witten monopoles which also uses differential inequalities. 

It will be convenient to define the following annuli in X, given a point Xq G X and 
a positive constant r: 

£l(x ;r) := {x E X : |r < dist 9 (x, £0) < r}, 

r2'(x ;r) := {x E X : |r < dist 9 (x, Xq) < \r} <s Vl(xq,t). 
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If X = M 4 and x = and r = 1, we denote fi = and fi' = fi'(l). We will need 



the following special case of Proposition 3.18 



Lemma 4.9. Let M. A have a C°° Riemannian metric g, let Q C M 4 be an open subset 
with spin c structure (p, W), let E be a Hermitian two-plane product bundle over Q, 
and let Q' <s Q be an open subset. Then there are positive constants C, e such that 
the following holds. If (A, <3>) is a PU(2) monopole in C°° on (su(E), W + ® E) over 
Q with 

||^||^(n) < e, 

then there is a C°° flat connection T on su(E)\q> such that 

\\A - r ||i4(n') + ||V r (A - r) 1 1 £2(0') < c||F A || L 2 (c) , 

and a C°° trivialization Su(E)\n> ~ Q' x su(2) taking F to the product connection. 

The proof of Theorem [4. 10| relies on a cutting off procedure to 'smooth out' the 
PU(2) monopole near the singular point, using a family of cutoff functions which we 
now define. Let \ : R — > [0, 1] be a bump function such that = 1 if t > | and 
x(t) — if t < |. For any r G (0,g), where g is the injectivity radius of (X,g), 
define a C°° cutoff function on X by setting Xr(-) = x(dist 9 (-, x )/r). Thus, we have 
Xr = on the ball B(xo, |r), while Xr = 1 on X — B(xq, \r) and so c?x r is supported 
in n'(xo, r). 

Theorem 4.10. Lei i? C M 4 &e a geodesic ball with C°° metric g and center at 
the origin, spin c structure (p, W) over B, and Hermitian two-plane bundle E over 
£>\{0}. Suppose (A,$) is a C°° solution to the PU(2) monopole equations (|2.27|) on 



(su(E), W + ® E) with (t, i?) = over the punctured ball B \ {0} with finite energy, 

/ (|F A | 2 + |$| 4 + |Va$| 2 ) dV<oo, 
Jb\{o} 

Then there are a Hermitian two-plane bundle E over B with det E = det E, a C°° 
PU(2) monopole (A, <3>) on (six(E), W + ®E) over the ballB, and a C°° , determinant- 
one unitary bundle isomorphism u : E\b\{o} — > E\b\{o} such that 

u(A, $) = (A, $) over fi\{0}. 

Remark 4.11. We restrict our attention to the case of (r, $) = in the PU(2) 
monopole equations (|2.27|) since the holonomy perturbations are undefined for the 
L\ connections which arise in the proof of Theorem |4.10| . However, there is no loss 
of generality in making this restriction as the holonomy perturbations vanish near 
points where curvature has bubbled off. 

Proof. We may suppose without loss of generality that the ball B has radius less than 
or equal to one. Since ||-Fa||l 2 (B) < oo then H-FaIIl^b^) tends to zero as r tends to 
zero. Hence, for small enough r G (0,1], we may suppose that ||-F4||l 2 (_b ? . ) < £, 
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where e is the constant of Lemma [4.9| . Then, for any r G (0, r ), Lemma ^]9| provides 
a C°° flat connection T' r on su(-E)|fy( r ) such that 

(4-3) ||A — r^,|| L 4(Q/( r )) < c||FA||i2(n(r))> 

where the constant c is independent ofr G (0, r ). To see that the constant c is indeed 
scale invariant, note that by Lemma pL~7| the pair (A, r _1 $) is a PU(2) monopole over B 
with respect to the rescaled metric g r := r~ 2 g, so Q' g (r) = ^ r (l) and fl g (r) = Q 9r (l). 
We then apply Lemma to the annuli ^ r (l) <s Q 9r (l) and observe that the L 4 
norm on one-forms and the L 2 norm on two- forms are scale invariant. 

Lemma [O] also provides a C°° trivialization su(E)\q/^ ~ f2'(r) x su(2) taking 
rj. to the product connection on Q'(r) x su(2). We can then define a smooth SO (3) 
bundle V r over i? by setting 



V r :-- 



B(\r) x su(2) over B(\r), 
su(E) over 5 - B (±r), 

recalling that fi'(r) = — 5(|r). Let T^, denote the C°° flat connection on 

V r over the ball B(-=r), extending T' r on su(E)\q>^ via the product connection on 
B(\r) x su(2), and let E r be the smooth U(2) bundle over B with det E r = detE 
and su(E r ) = V r over B. 

Now let (A r , $ r ) be the C°° pair on B defined by 



{T' r + Xr(A-T' r ),Xr^) over B(±r), 

over B\_B(ir), 



where we note that Xr = on -B(|r) and \ r = 1 on B — B(^r). To estimate the L 2 
norm of i^ r , note that over B — 5(|r) we have A r = A and = i<A, while over 
5(|r) we have 

F Ar = XrF A + d Xr A (A- T' r ) + {xl - Xr)(A - T' r ) A (A — T' r ). 
Hence, by ( |4.3|) , we have 

l|-^4 r ||L 2 (n'(r)) < ||-^4||L 2 (n'(r)) + \\d-Xr || L 4 (C(r)) || A - T' r \\ L 4 (n'(r)) + \\A - K II £ 4 (fi'(r)) • 

Therefore, since || <^Xr || z, 4 (o'(r)) < c o, for a constant Co independent of r G (0, oo), there 
is a positive constant c, independent of r G (0, r ), such that 

(4.4) H^aJl^) < c (HFaIIl^,,,) + II^A||i 2( B ro) ) < c||F A || i2(Bro) . 

Thus, 1 1 -Fa,. IU 2 (B ro ) tends to zero as r — > 0, uniformly with respect to r G (0, r ). Fix 
r small enough so that ||i 7 A r || L 2( Br \ < S\ for all r G (0,r ), where ej is the constant 
of Theorem [3.13] . Hence, there are a family of C°° flat connections T r , r G (0, ro), on 
the SO (3) bundles su(E r ) over S ro such that 

(4.5) d* Vr (A r - r r ) = and ||A r - r r || L? _ (Br(j) < c||F Ar \\ L * {Bro ), 
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for a positive constant c independent of r G (0, r ) and a family of C°° bundle iso- 
morphisms r r : su(E r )\B ro — B ro x su(2) inducing C°° bundle isomorphisms r r : E r ~ 
_B ro x C 2 , via a choice of fixed C°° trivialization det£/ r |s rQ = det E\B rQ — B ro x C. 

Since ||$||l2 a (b) < oo, then ||$||l2 A (B ro ) an d ||^||x 4 (B ro ) tend to zero as r as tends 
to zero. As $ r = over and using ( |4.3| ), we have 

ll^||if irr (B ro ) < \\®r\\mB ro ) + ||V rr $ r || L 2 (Bro) 

< \\®r\\L2(B ro ) + || (A - r r ) • $ r ||L2(B ro ) + ||V Ar $r||L2(B ro ) 

< c (i + || (A - r r )|| L 4 (Bro) ) ||$ r || L 4 (Bro) + \\v A M\mB ro) 

< C (1 + ||F4 r || L 2 (Bro) ) ||$|| L 4 (Bro) + \\V Ar ^r\\mB ro ) 

< c\m\ LHBro) + nv^(x^)ii i2(n( i r) i r)) + iiv^n L2(n( i riro)) 

< c\\HLl A (B ro ) + \\dXr ■ $||r»(n'(r)) + IIXrVA r $||L2(n'(r)) 

< c||$|| L ^(B ro ) + |MXr||L4 (Br()) ||<l>|| L 4 (Bro) + \\V A $\\mn>(r)) 

+ \\( Xr -i)(A-r r )-n LHQ , (r)) 

< c ll*llL^ A ( Bro ) + P - r|.|U«(n'(r))||^IU*(n'(r)) 5 

using A r = r r + Xr(^4 - T' r ) = A + (xr -1){A- T' r ) over ft'(r), and so 

( 4 - 6 ) H^ll^r,.^) < c\\n LUBro) , 

for some constant c independent of r G (0,r ). Therefore, ||$ r || L 2 r ( Bro ) tends to zero 
as r — > 0, uniformly with respect to r G (0,r ). 

Hence, the estimates (|4.4j) , (|4.5| ), and (|4.6| ) combine to give a uniform bound, 

(4.7) — ^)||^ ? ^ c ^ ) < c (ll^L^M^c^o? Il^ll^ ? ^c^o0 > 

for some constant c independent of r G (0,ro). Note that 

Li Vr (Bro, A 1 ® su(E r )) © Ll rr (B ro , W + ®E r ) 
= Ll r (B ro , A 1 ® su(2)) © Ll r (B ro , W + © C 2 ), 
via the C°° isomorphisms r r : -Erls — > -B n , x C 2 , with 

||(^_ r - r,,^)!!^^) = ||(T- r (A r ) - r,^^))!!^^), 

d* r (r r (A r ) - T) = 0. 

By the weak compactness of the unit ball in the Hilbert space L\(B To ), there is a 
sequence r a — > such that the pairs (A ra — T ra , & ra ) converge weakly in L\(B ro ) to 
a limit (A, l>) in L\(B ro ). For brevity, we denote (71;,$;) := (r r (A r ), r r ($ r )). 

Claim 4.12. Continue the above notation. Then the following hold: 

1. After passing to a subsequence, the pairs (A^ , $£ ) converge in C°° over compact 
subsets of B ro \ {0} to (A T , <l r ) and so (A T , 4> T ) is in C°° over B ro \ {0}; 
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2. The pair (A T , $ r ) is an Li solution over B ro to the elliptic system 

6(i T ,$ T ) = and d* T (A T - Y) = 0. 

Proof. For any open subset U <s B ro \ {0}, the ball -B(|r) containing the support of 
the cutoff function \r does not meet U when r is sufficiently small and so (A£, is a 
PU(2) monopole in C°° over £7 in Coulomb gauge with respect to (r, 0) with uniformly 
L 2 -small curvature. Hence, choosing U' <£= B ro \ {0} so that U' D U, Proposition |3.f 2| 
implies that for any integer k > 1 and r small enough that -B(-r) fl £/' = 0, we have 
uniform bounds 

K4: - r, K)hi r( u) < c (|| (a; - r, $;)|| i2([/0 + ||f(a;)|| l2([/0 ) 

< C (||$||l4 (b) + ||F A || L 2 (B) ) < oo, 

for some constant C(g,k,U) independent of r £ (0,r ). Therefore, by passing to a 
subsequence, the pairs (^ Q , converge in C°° over compact subsets of B ro \ {0} 
to a C°° pair (A T , $ r ) over 5 ro \ {0} as r a — > 0. But for any {7 Cs B ro \ {0} and small 
enough r £ (0, r ), we have &(A^, = &(A r , $ r ) = over U, and so 

6(i r , $ T ) = lim &(A T r = over [/. 

Hence, &(A T , $ r ) = over B ro \ {0} and so (A T , $ T ) is a PU(2) monopole in C°° over 
B ro \ {0}. This proves Assertion (1) of the claim. 

Since (A T , 4> T ) is a C°° monopole over B ra \ {0}, then &(A T , <I T ) = a.e. over B ro 
and so (A T , $ r ) is an h\ monopole over B ro . Let W ' (B ro ) C Lf(B ro ) be the closure 
in Lf(B ro ) of the pairs C$ 3 (B ro ,A 1 ®su(E))®CF(B ro ,W + ®E) with compact support 
in the open ball B ro . Then, for any (6, (p) £ Wq' (-B ro ) we have 

(6, - r)) £2(Bro) = (d r b, A T - r) L2(Bro) = hm (d r b, (A; a - r)) L2(Bro) 

= lim(b,d* r (A; a -T)) LHBro) = 0, 

and so d^{A T — V) = 0, as required. This completes the proof of the claim. □ 

By Claim [4.12j , the pair (A T ,<& T ) is an L\ monopole over B rQ in Coulomb gauge 
relative to (r,0). From the estimate ( |4.7| ) and the Sobolev embedding Lf(B rQ ) C 
L 4 (B ro ), we can ensure that for sufficiently small ro, 

\\(A;-r,<s>;)\\ LHBro) <e 2 , 

for all r £ (0, r ) and so || (A T , $ r ) || J c 4 (s T - ) < £ 2, where e 2 is the constant of Proposition 
|3.f 2| and therefore, (A T , $ T ) is a C°° monopole over 5 ro . (As usual this means, more 
precisely, that there is a C°° monopole over B ro which coincides with (A T , <3> T ) over B ro 
except over a subset of measure zero; since (A T , $ T ) is already C°° on the punctured 
ball B ro \ {0} then this C°° monopole is equal to (A T , $ T ) except possibly at the 
origin.) 
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Finally, the C°° bundle isomorphisms r r : su(-E r )|# ro ~ B ro x su(2) may be viewed 
as SU(2) automorphisms acting on the SO(3) bundle B ro xsu(2) by initially choosing 
a fixed C°° trivialization 

E\ Bm ~ B \ {0} x C 2 , with su(E)\ B \ {0} ~B\{0}xsu(2). 

Then Lemma |2.7| implies that after passing to a subsequence, the sequence of SU(2) 
automorphisms r Ta converges in C°° over compact subsets of B ro \ {0} to a C°° limit 
a over B ro \ {0}. Then (A T , <I T ) = (A a , $ <T ) over the punctured ball B ro \ {0}, while 
(A T , $ T ) is smooth over £? ro . Thus, the finite-energy C°° monopole (A, $) over the 
punctured ball B ro \ {0} is equivalent via a C 00 , determinant-one, unitary bundle 
isomorphism to (A T , $ r ) over B ro \ {0}, where (A T , $ T ) is a C°° monopole over S ro . 
This completes the proof of the theorem. □ 



Remark 4.13. The proof of Theorem |4.10| does not imply, of course, that the section 



$ r is zero at the center of the ball B. Even though the C°° sections are zero at the 
center, the subsequence only converges in L\(B rQ ) over B ro to a limit $ r . Similarly, 
while Lemma |4.4| provides a uniform C° bound for the sections <& T r over B ro , we 



would need a uniform, C 0,u Holder bound, for some v e (0, 1), in order to extract a 
convergent subsequence. 

4.4. Patching arguments. The standard proof of the compactness theorem for the 
moduli space of anti-self-dual connections employs a patching argument for gauge 
transformations to obtain C°° convergence (modulo gauge transformations) on com- 
pact subsets of X \ {xi, . . . ,x m } for a sequence of anti-self-dual connections A a on 
a Hermitian bundle E over X. The gauge transformations that require patching are 
obtained by repeated application of Corollary 2.3.9 in |2(| to geodesic balls where 
the L 2 norm of the curvature Fa is less than e: since the L 2 norm of the curvature 
is scale invariant, these possibly small balls may be rescaled to standard size with 
metrics which are approximately Euclidean as in Corollary 2.3.9]. 

Throughout this subsection, (A a , <3> a ) will denote a sequence of C°° pairs (not nec- 
essarily PU(2) monopoles) on (su(E), W + ®E) over Q and u a will denote a sequence 
of C°° determinant-one, unitary automorphisms of a Hermitian bundle E (that is, 
gauge transformations in Q% and not °Qe), where Q is an oriented, Riemannian four- 
manifold with spin c structure (p, W). Convergence will mean convergence in C°° on 
compact subsets which, as usual, can be replaced by L 2 k+l loc convergence of L\ pairs 
(A a , $ Q ) provided k > 2. 

The following four patching results follow almost immediately from the proofs of 
Lemmas 4.4.5-4.4.7 and Corollary 4.4.8 in |]20| (where the sequence of connections 
A a is not assumed to be anti-self-dual). Their proofs are omitted and instead we 
refer the reader to |20| or [R^] for a detailed account; patching arguments of this type 



are used by Uhlenbeck in her proof of Theorem 3.6 ||95|| , where the connections (not 
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necessarily ant i- self- dual or Yang-Mills) are just assumed to be in L\ and the gauge 
transformations are in L\ with p > 2. 

Lemma 4.14. Suppose that (A a , $ a ) is a sequence of pairs on (su(E),W + (g> E) 
over a base manifold ft (possibly non-compact), and /ei ft d ft be an interior domain. 
Suppose that there are gauge transformations u a G Qe and u a G Q E ^ such that 

u a (A a , $ a ) converges overfl andu a (A a , <& a ) converges overfl. Then for any compact 
set K (s ft there are a subsequence {a'} C {a} and gauge transformations w a > G Qe 
such that w a i = u a > on a neighborhood of K and the pairs w a '(A a >, converge over 

ft. 

We have the following two extensions of this result. 

Lemma 4.15. Let ft be exhausted by an increasing sequence of precompact open sub- 
sets U\ (<= XJi <s • • • <s ft with U n U n = ft. Suppose (A a , $ a ) is a sequence of pairs on 
(su(E), W + ® E) over Q and that for each n there are a subsequence {a'} C {a} and 
gauge transformations u a i G Ge\u„ suc h that u a /(A a ', $ a ') converges over U n . Then 
there are a subsequence {a"} C {a} and gauge transformations u a » G Qe such that 
u a "(A a ", $ a ») converges overfl. 



Lemma 4.16. Suppose that Q = Q1UQ2 and that (A a , $ a ) is a sequence of pairs on 
(su(E), W + ® E) over Q. If there are sequences of gauge transformations v a G Qe\q. x 
and w a G Qe\q 2 suc ^ that v a (A a ,§ a ) converges over Qi and w a (A a ,§ a ) converges 
overfl 2 , then there are a subsequence {a'} C {a} and gauge transformations u a i G Qe 
such that the pairs u a r(A a >, converge over Q. 



Lemmas [4.14] , |4.15| , and [4. 16| combine to yield the following analogue of Corollary 



4.4.8 in pg. 



Corollary 4.17. Suppose that (A a ,$ a ) is a sequence of pairs on (su(E), W + ® E) 
over Q such that the following holds. For each point x G Q there are a neighborhood D 
of x, a subsequence {a'} C {«}, and gauge transformations v a > G Qe\ d such that the 
pairs v a r(A a i, 3v) converge over D. Then there are a single subsequence {«"} C {&}, 
and gauge transformations u a " G Qe such that the pairs u a "(A a ", $ a ») converge over 
ft. 

We now assume that (A a , $ a ) is a sequence of PU(2) monopoles on (su(E), W + ®E) 
over ft and obtain the required convergence from our local elliptic estimates for PU(2) 
monopoles and Uhlenbeck's gauge-fixing theorem. The following result is the analogue 



of Proposition 4.4.9 in [2(| which applies to a sequence of anti-self-dual connections. 



Proposition 4.18. Let Y be an oriented four-manifold with Riemannian metric g 
and spin structure (p,W). Suppose that (A a ,<& a ) is a sequence o/PU(2) monopoles, 
on the bundles (su(E), W + ® E) over Y , with the following property. For each point 
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y G Y there is a geodesic ball B g (y,r y ) with center y, radius r y , and index a y such 
that 

\\FA a \\L*(B g (y,r y )) < £q, « > %, 

where s (g, A detW +, A detE ) is the constant of Corollary Then there is a subse- 

quence {a"} C {a} and a sequence of C°° gauge transformations u a n G Q E such that 
u a "(A a n, $q,») converges in C°° on compact subsets over Y . 

Proof. Fix a point y G Y. If B g (y,r y ) is a geodesic ball with center y and g-radius 
r y then B 9r (y, 1) is a geodesic ball with center y and g r -radius one, where g r = r~ 2 g. 
Then (A a , r~ l Q a ) is sequence of PU(2) monopoles over B gr (y, 1) such that 

\\FA a \\L2(B gr (y,l)) <£o, ol> a y . 

Corollary p.!6| implies that there are a subsequence {a'} C {a} and a sequence of 
gauge transformations {u a /} over B 9r (y,l) such that the sequence u a >(A a >, r~ l Q a i) 
converges over B gr (y, |). 

Therefore, for each point y G Y, we have a sequence of gauge transformations 
{u a i} over B g (y,r y ) such that the sequence u a >(A a i, $ a /) converges over B g (y,^r y ). 
The conclusion now follows from Corollary |4.17| . □ 

4.5. Definition of the Uhlenbeck closure. The definition of the Uhlenbeck closure 
of the moduli space of solutions to the perturbed PU(2) monopole equations ( |2.27| ) is 
slightly more involved than that of the unperturbed PU(2) monopole equations ( 2.15| ). 
For this reason it is convenient to define the Uhlenbeck closure in the unperturbed 
case before considering the general case. 

4.5.1. Definition of the Uhlenbeck closure for the moduli space of unperturbed PU(2) 
monopoles. Let M WjE (temporarily) denote the moduli space of gauge-equivalence 
classes of solutions (A, $) on (su(E), W + ® E) to the unperturbed PU(2) monopole 
equations (|2.15| ). We define the Uhlenbeck closure Mw,e of the moduli space Mw,e 
by analogy with the definition of the Uhlenbeck closure of the moduli space of anti- 
self-dual connections f2(J, §4.4]. The moduli set IMw,e of unperturbed ideal PU(2) 
monopoles on (su(E), W + <S> E) is given by 

N 

IM W>E := \jM w>E _ e x Syn/(X), 
e=o 

where N > N p and N p is the constant defined in ( |4.15| ), and E_e denotes a Hermitian 
two-plane bundle with det E_ t = det E and c^iE-i) = c 2 (E) — £, for £ > 0. 

Definition 4.19. Suppose [A a , $ a , y a ] is a sequence of points in IM W E and [A , $ , x] 
is a point in IMw,e, where (A a ,§ a ) and (A Q , $ ) are monopoles on (su(E a ),W + ® 
E a ) and (su(E ),W + ® E ) over X, respectively, with det E a = det E = detE 
and C2(E a ) , C2(E ) < c 2 (E). Then the sequence of points [A a , $ a , y a ] converges to 
[A ,$o, x ] (or, the sequence of triples (A a ,$ a ,y a ) converges weakly to (y4 ,$o, x )) if 
the following hold: 
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There is a sequence of L 2 k+l loc determinant-one, unitary bundle isomorphisms 
u a : E a \x\ x ~^ Eo\x\x such that the sequence of PU(2) monopoles u a (A a , $ Q ) 
converges to (A , $ ) in L\ loc over X \ x; 

The sequence \F Aa \ 2 + 8n 2 J2 y ey a ^(v) conver g es i n the weak-* topology on mea- 
sures to \F Ao \ 2 + 8ir 2 J2 xex 5(x). 
We have c 2 (E) = c 2 (E ) + |x|. 



Give IMw,e the Uhlenbeck topology specified by Definition |4.19| and let Mw,e C 



IM WE be the closure of M W)E in IM WE . The topological space IM W ^ E is second- 
countable and Hausdorff. 



4.5.2. Definition of the Uhlenbeck closure for the moduli space of perturbed PU(2) 
monopoles. The basic idea underlying the choice of holonomy perturbations described 
in § [2.5.2| is a generalization of an earlier construction due to S. K. Donaldson for the 
moduli spaces of solutions to the 'extended anti-self-dual equations', to which the 
Freed- Uhlenbeck generic metrics theorem does not apply []18| , §IV(v), pp. 282-286]. 
As in the case of the moduli space of anti-self-dual connections we shall see in §^ 
that there is an upper bound M (which is determined by g, A detw +, A^etE, and 
Px(sil(E))) on the total energy H-pAlHann for any solution (A, $) to the perturbed 
PU(2) monopole equations ( 2.27|) and so an upper bound 2M/eq on the number of 
disjoint balls B(xj,4R ) with energy greater than or equal to |£q. Hence, if iVj, > 
2Mje\ + 1, at least one ball B(xj,4R ) in the collection {B(xj, 4i? )}^i has energy 
less than |£q. 

Suppose (A a , $ a ) is a sequence of PU(2) monopoles which converges to an ideal 
PU(2) monopole (A , $ ,x) in C\y,E_ e x Sym (X). If a point x G x lies in a ball 
B(xj, 2Ro), the corresponding sections m.j t i^(A a ) supported on B(xj, Rq) converge to 
zero (by construction) for all l,f3. Thus, the solution [Aq, $o) will satisfy a version of 
the PU(2) monopole equations ( p.27|) with the perturbations supported on B(xj, Rq) 



omitted. (In the situation considered by Donaldson, ideal extended anti-self-dual 
connections also satisfy a family of equations |L8|, Eq. (4.37)] which depend on the 
bubble points in X.) Therefore, the ideal limit [y4 ,$o> x ] is a point in the fiber 
~M.w,E_ e \x over a point x in the base Sym (X). Here, Mw,E_ e \x is simply the moduli 
space of solutions to the perturbed monopole equations fl2.27|) with the connection 



energy cutoff functions j3j [A] of (|2.18|) (used in the definition of the perturbing sections 
nijj^A) of (|2.20|) ) replaced by cutoff functions 



(4.8) (3j[A , 




B(xj,4Ro) 
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where e is the constant of Corollary |3.16| . Then is the moduli space of triples 

(t4 ,$0; x ) solving the 'lower-level' PU(2) monopole equations 

(4.9) F+- (id + r ®id su(B) + r-m(A,x))p- 1 ($®$*)oo = 0, 

D A & + p(^ )$ + # • m(A, x)$ = 0. 

In the more familiar case of the Uhlenbeck compactification of the moduli space of 
solutions to the unperturbed PU(2) monopole equations (j2.15|) , the spaces M w ^ E _ e 
above would be replaced by the products M W:E _ e x Sym (X). 

The definition of the Uhlenbeck topology for the moduli space of solutions to the 
perturbed PU(2) monopole equations (|2.27|) is almost identical to that of the unper- 



turbed case. The only difference is in the definition of the set of ideal solutions to 
( 2.27| ). In the presence of holonomy perturbations, the Uhlenbeck closure M\y,E is 



therefore defined to be the closure of M W:E in 

N N 

IM W>E := \jM w>E _ e C \JC WtE _ t x Sym e (X), 
where M WtE _ := M W)E , while N > N p and N p is the constant defined in ( [4.151 ). 



4.6. Sequential compactness. In this section we apply our elliptic regularity and 
removable singularity results to prove our main compactness result, namely Theorem 
OL which asserts the existence of an Uhlenbeck compactification for the moduli space 



of PU(2) monopoles, analogous to that given by Theorem 4.4.3 [20| in the case of the 
moduli space of anti-self-dual connections. 



As in |P0|| , the proof of Theorem follows by an entirely routine argument (which 



we leave to the reader) from the special case below which is an analogue of similar 
compactness results for anti-self-dual connections; see, for example, Theorem 
4.4.4], 0, Theorem 3.2], |0|, Chapter 8], f7|, Theorem 3.1], @, Proposition 4.4], 
and |84], Proposition 5.1]. 

Theorem 4.20. Let X be a closed, oriented, smooth four-manifold with C°° Rie- 
mannian metric, spin structure (p, W) with spin connection, and a Hermitian two- 
plane bundle E with unitary connection on det E. Then there is a positive integer N p , 
depending at most on the curvatures of the fixed connections on W and det E together 
with C2{E), such that for all N > N p the following holds: Any infinite sequence in 
Mw,e has a weakly convergent subsequence, with limit point in U^qM^e^ . 

Proof. The basic argument follows that of [^0, pp. 163-165] and |83|, Proposition 
4.4] for the moduli space of anti-self-dual connections. Let [A a , $ a ] be a sequence of 
points in Mw,e and let (A a , $ Q ) be a corresponding sequence of PU(2) monopoles in 
C°° on (E, W + ®E). By passing to a subsequence we can assume that the sequence of 
positive measures \i a := I-F4J 2 on X converges to a measure [i^ on X in the weak-* 
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topology on measures, so 



a— >oo 



lim / \F A J 2 dV = / ^ =: M M < K, 
>x Jx 



where K < oo is the constant in our universal energy bound (|4.2| ) for a PU(2) 
monopole over X. Hence there are at most M^fe\ distinct points in X, labelled 
{xi, . . . , x m }, which do not lie in a geodesic ball B(x, r) of /Zoo-measure less than Eq, 



where Eq is the constant of Proposition |4.18| and which appears in Q2.18|) and 
Thus, for any r > 0, we have 



lim / \F A J dV = Hoo>£ , i = l,...,m, 

^JBM J B(xi,r) 

and so we may define real numbers Ki > Eq/8ti 2 by setting 

Ki := lim lim — / \F A J 2 dV = lim — / 

r ^ a->oc 87T 2 J bm r^O 8vT 2 J g M 

We may suppose, without loss of generality, that m > 1. If a point Xi lies in a ball 
B(xj,2RQ) then the holonomy perturbation sections are zero over B^Xj, Rq) since 
8n 2 Ki > \eq. Hence, the points {xi, . . . ,x m } are contained in a large open subset of 

X where (r, d) — 0. 

By passing to a subsequence, Proposition |4.18| supplies determinant-one, unitary 
gauge transformations u a over X \ {xi, . . . , x m } such that the sequence u a (A a , $ Q ) 
converges over X \ {x t , x m } to a pair (A , $ ) o n (su(E), W + ® E)\ x \{ Xu . Xm \ , 
such that the triple (A , $ , x ) solves the lower-level PU(2) monopole equations (|4.9|) . 
Plainly, 

J (\F Ao \ 2 + |$ | 4 + IVao^oI 2 ) dV < K < oo. 

X\{xi,...,x m } 

By the removability of point singularities for finite-energy PU(2) monopoles (Theorem 
[4 . 1 0|) , there are a Hermitian two-plane bundle Eq with det Eq = det E over X, a PU(2) 
monopole (A , $ ) on (su(-E'o)) ® -^o) an d a determinant-one, unitary bundle 

isomorphism u from -E|x\{xi,...,x m } to E \ x \{x U ...,x m } such tliat «o(^o,$o) = (^o, *o) 
over X \ {x 1 , . . .,x m }. 

The limiting measure //qo has the form 

m 

/"oo = \F Ao \ 2 + 8ir 2 ^2Ki5 Xi , 
i=i 

where the 6 Xi have unit mass concentrated at the points X{. It remains to show 
that the Ki are positive integers. For this purpose we use an argument similar to 
that used to prove Lemma 3.8 in |]3T| (due to Taubes) which fits better with our 



later development of the gluing theory for PU(2) monopoles, though one could also 
use the Chern-Simons functional for this purpose as in 0, p. 164]. The proof of 
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Theorem 3.2 in [31] is a modification of an earlier compactness result, Proposition 4.4 
83] , for connections with L 2 bounded curvature but which are only approximately 



in 



anti-self-dual in a suitable sense. Theorem |4.20| follows easily from the next lemma: 



Lemma 4.21. The bundle Eq has Chern classes c\(Eq) = C\{E) and C2{Eq) = 
C2{E)—£, where I = YllLi K % an d the constants are positive integers for i = 1, . . . , m. 

Proof. The equality of first Chern classes follows from the preceding paragraph. The 
proof that each /tj is an integer requires a brief digression in order to discuss the 
limiting behavior of the connections A a near the points € X. 

Fix an index i G {1, . . . ,m}, let g be the injectivity radius of (X, g), and fix a 
constant 5 G (0,jq). Choose an orthogonal frame for su(E )\ x . and use parallel 
translation via the connection Ao along radial geodesies from Xi G X to trivialize 
su(E ) over the ball B(x il q) and let u> ,i : su(Eo)\B( Xi , e ) — > B(xi,g) x su(2) be the 
resulting smooth bundle map. We have H-FkolU^pf) < C, for some positive constant 
C, and so ||i 7 A l|i 2 ( J B(a: i ,<5)) < C5 2 . Thus, we may suppose that 5 is fixed small enough 
that Theorem |3.13| provides an SU(2) gauge transformation t> 0i j of B(xi,5) x su(2) 



such that 

||ao,i||i 4 (.B(iEi, < 5)) + || VrO>o,i\\L 2 (B(xi,6)) < c\\Fa \\L 2 (B(xi,25)), 

where a 0ji := u 0ii (A ) — T G fl 1 (B(x i , 5), su(2)) and u Q)i := v 0>i o w i and T is the 
product connection on B(xi, S) xsu(2). The sequence of connections u a (A a ) converges 
in C°° on compact subsets of the punctured balls B(xi, 5) \ {x^ to the C°° connection 
A on su(E )\ B ^ Xu s)\{ Xt }; therefore, the sequence of connections uo t iU a (A a ) converges 
in C°° on compact subsets of the punctured balls B(xi, 5) \ {x^} to the C°° connection 
u ,i(A ) on B(x h 5) \ {xt} x su(2). 

Write Uo t iU a (A a ) = T+a i a over B(xi, 5)\{xi}, where a ijQ G fl 1 (B(x i ,S)\{x i },su(2)). 
Let fl(xi] hr,2r) denote the open annulus {x G X : ~r < dist 9 (x, xA < 2r} in X. 
Then, for any r G (0, there is an index ao(r) such that 

J [\a i>a - a ,i| 4 + |Vr(ai, a - a ,j)| 2 ) dV < r 4 , a > a Q . 
Since H-FaoIIl 00 ^) < C, we have 

(4.10) / (|ao,i| 4 + |V r a 0ii | 2 ) dV < c [ \F Ao \ 2 dV < Cr\ 

J B(xi,2r) JB(xi,2r) 

and therefore 

(4.11) J (|a iiQ | 4 + |V r a iia | 2 ) dV < Cr 4 , a > a . 

Let x '■ ^ "~ > [0, 1] be a bump function such that x{t) = for t < | and x(^) = 1 for t > 
2. Define a cutoff function Xi,r : -X" - > [0, 1] by setting Xi,r( x ) — 1 — x(dist s (x, xA/r) 
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so that Xi,r = 1 on B(xi, |r) and Xi,r — on X — B(xi, 2r). Fix a Riemannian metric 
gi on S 4 which coincides with g on B(x{,5) = B(n,S) (after identifying the point 
Xi G X with the north pole n G S 4 ) and extending g { outside B(xi, 25) = B{n, 25) to 
a smooth metric on S 4 . Define a sequence of SO(3) bundles Vi ir>a over S 4 by setting 



su(E) over B(n, 2r), 

S 4 \ {n} x 5u(2) over S 4 \ {n}, 



where the identification of the SO (3) bundles su(E) and S 4 \ {n} x su(2) over the 
annulus B(n,2r) \ {n} = B(xi,2r) \ {x^ is induced from the the SO(3) bundle 
isomorphism u ,j o u a : Su(E)\B( n ,2r)\{n} — ► B(n,2r) \ {n} x su(2). We cut off the 
sequence of connections A a on su(E) over the annulus fl^xf, |r, 2r) and thus obtain 
a sequence of C°° connections A iyr ^ a on the sequence of SO (3) bundles Vi jT}0 , over S 4 
by setting 

{A a on su(E)\ , i . 

F + Xi,rai, a on5 4 \{n}xsu(2). 



Recall from Lemma [O] that there is a constant C independent of a such that 



K II 

< C and so 

(4.12) \\F+J L 2 {B{xit2r)) <Cr 2 for all a. 

Since 

F Z,r, a = Xi,rFX a + (dXi,r A a;,«) + + Xi,r(Xi,r ~ l)(a»,a A ai, a )" 

the estimates (|4TT0|) , ([PI]) , and 002]) imply that 



l-^Xr.J^W ^ II^JU 2 ^^)) + | dXi,r 1 1 i*(AT) 1 1 1 1 i 4 (n(x4 . i r ,2r)) 

12 



+ V2|K Q || 2 _ , 



<C(r + r 2 ), a > a . 

Therefore, 

(4-13) lim lim = 0. 

Similarly, as 

F A^ a = Xi,rFA a + dXi,r A a^ a + Xi,r(Xi,r ~ l)Oi,a A aj )Ce , 

the estimates (|4.10|) and ( [4.1 1|) yield 



< W^rai, a \\ L2mx ^ 2r)) + c||a i , a || L4(n(x . i i rj2r)) + Ka||* 4(n(x .. 
<C(r + r 2 ), a > a . 
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Therefore, 

(4-14) lim lim \\F Aira - F Aa \\ i = 0. 

We can now complete the argument that the integers: 

Claim 4.22. There is an SU(2) bundle E{ over S A such C2{Ej) = K{ for each i = 
l,...,m. 

Proof. Fix an index i G {1, . . . , m}. Over S 4 , the SO(3) bundles V iirtCe lift to SU(2) 
bundles Ei^ a with Vi ir>a = su(Ei ir>a ) and pi(Vi ir>a ) = — 4c2(Ei^ a ). The second Chern 
classes of the SU(2) bundles Ei, r ^ a are given by 



c 2 (E i>r , a ) = — / |F7 J a -|Ft J 2 dV, 



^ 2 



recalling that the isomorphisms ad : su(E ira ) — > 5o(su(E i ra )) are implicit and that 
we view F Aira as sections of A 2 ® s\x{E i r a ) . Therefore, by ( [4.14| ) and ( |4.13|) and the 
fact that F Ai r a = F Aa on B{x h ~r), we have 



lim lim c 2 (Ej rn/ ) = lim lim — - / \F A I 2 dV 

r^Oa-^oo A hr ' aJ r ^0a^oo87T 2 J S 4 Ai ' r ' a 



S 4 



r— >0 a— >oo o7T 



S 4 

lim lim / |F A . | 2 dV 
lim lim — - / | F Aa \ 2 dV = Ki 

lB(xi,2r) 



r— >0 a— >oo StT^ 



where the final equality follows by definition of Ki. Thus, for small enough r and large 
enough a, we have 02(^,^0) = C2(Ei) for some fixed SU(2) bundle Ei over S* 4 and so 
Ki = c 2 (Ei), completing the proof of the claim. □ 



By Claim |4.22| the Ki are positive integers for % = 1, . . . , m. We can now compute 
the second Chern class of the limit bundle Eq. The Chern- Weil identity ( |2.33|) implies 
that, for all a, 



■\ Pl (sn(E)) = c 2 (E) - \ Cl (Ef 



8vr 2 



2 ) dV. 
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Therefore, by ( |4.12| ) we have 



c 2 (E) - \ Cl {Ef = lim lim -L / (|F"J 2 - |FjJ 2 ) dV 



lim lim / (I^J 2 -|^ + J 2 ) ^ 



+ V lim lim / I 2 - \F+ I 2 ) 

1 /■ m 

W (K„I 2 -KJ 2 ) dv + ^i 

J X ■ i 



8tt 2 

c 2 (Eo)-ic 1 ( J E ) 2 + ^K 



t=i 



Now c\(E) = C\{Eq) and thus c 2 (E ) = 02(E) — ^I^i K i- This completes the proof of 
Lemma fL 21| . □ 

Therefore, after passing to a subsequence, the sequence of points [A a , $ a ] in M WE 
converges to an ideal monopole [y4 ,<3> ,x] m M L:Eo x Sym £ (X), for some integer 
> 0, and Lemma f4.21| implies the Chern classes of the limit bundle E Q are given by 



ciGEo) = ci(E) and c 2 (E ) = c 2 (E) 

It remains to give an upper bound for the integer I = c 2 (E) — c 2 (Eq). The Chern- 
Weil identity ( |2.33| ) implies that 

i = c 2 (E) - c 2 (E ) = JL jf (\F A | 2 - |F+| 2 ) dV-±- 2 f x (|F Io | 2 - |F+| 2 ) dV 



and thus, by Lemma [4.3| , we have 

1 

^ JX " W JX 



(4-15) £<— 2 \ F A\ 2 dV+— \F+/dV<N p , 



for some positive integer N p = N p (ci(E), c 2 (E), g, F(A detW ), F(A detE )). This com- 
pletes the proof of Theorem [4.20| . □ 



Remark 4.23. The compactness result in this section for the moduli space of PU(2) 
monopoles has an antecedent in [ftlj Theorem 3.2] (due to Taubes) in the follow- 
ing sense. The latter theorem provides a weak compactness result for connections 
A satisfying the 'infinite-dimensional part' of the anti-self-dual equation, namely 
IIa^-Fa = 0, where [i SpecG^cf^ and ITa^ is the L 2 -orthogonal projection onto 
the eigenvectors of d\d\ with eigenvalue less than fi, together with the curvature 
bounds H-FaIIl 2 ^) + IMa-^a ||l 2 (x) < C for some constant C independent of A. The 
analogous point here is that although f x \Fa\ 2 dV is not a topological invariant unless 
F4 = or F~[ = 0, just as in the case of the PU(2) monopoles, it is enough for the 
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purposes of obtaining a weak compactness result to have uniform bounds on the L 2 
norm of Fa together with an L p bound on F£ for some p > 2. 

There is one further compactness result we will need, analogous to Uhlenbeck's 
original compactness theorem for connections (not necessarily satisfying any elliptic 
equation) with LP bounds on curvature with p > 2 |95|, Theorem 1.5]. 

Proposition 4.24. Let p > 2 and K > be constants. Lf [A a , $ Q ] is an infinite 
sequence in M w ,e satisfying 

\\FA a \\LP(X) < K, 

then there is a subsequence {a'} C {a} such that the sequence [A a >, $ Q >] converges to 
a point [Aoo, $oo] e M W)E . 

Proof. (1) Let (A a ,§ a ) be a corresponding sequence of C°° pairs. Since p > 2, 
Holder's inequality implies that for any geodesic ball B(x,r) C X we have 

Ili^Jl^^r) < cr 2 -^\\F A J LP(BM) < cKr 2 -Wv\ 

Hence, for small enough r, Proposition |4.18| applies and there is a subsequence 
{a'} C {a} and a sequence of C°° gauge transformations u a ' such that the sequence 
Ua'(A a >, $ a /) converges in C°° to a limit (A^, $oo) over all of X, with no exceptional 
points. □ 

As we shall see in § |5.1.2| , Proposition |4.24j allows us to work with perturbation 
parameters (tq,t, d) and a metric g which are C°° rather than just C r , as required 
by the application of the Sard-Smale theorem in our proof of transversality in §[5]. 



5. Transversality 



In this section we show that for generic perturbation parameters ($0? T 0i the 
moduli space of solutions to the perturbed PU(2) monopole equations ( |2.27| ) is a 
smooth manifold away from the zero-section and reducible pairs. 

The outline of the proof is of the now standard form introduced in [14| and [|30 . 
In § |5.1| , we define a parametrized moduli space and explain why transversality for 
the moduli space (Corollary |5.3|) , follows from transversality for the parametrized 
moduli space (Theorem |5.2|) via the Sard-Smale theorem. In § |5.2| we show that the 



parametrized moduli space is a smooth Banach manifold (Theorem |5.2| ). The proof 
of Theorem [572] relies on the fact that a PU(2) monopole which is reducible on an 
admissible open subset of the manifold X is reducible on the entire manifold (Theorem 
and this is proved in §[573 



5.11 



The proof of Theorem |1.3| does not apply to PU(2) monopoles which are zero- 
sections or which are reducible. We describe the cokernels of D& evaluated at these 
pairs in the sequel [^5|] to the present article. 
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5.1. The parametrized moduli space. It is convenient to first consider the ques- 
tion of transversality for the top stratum M^ E of the Uhlenbeck compactification 
M\y,E and then consider the very slight modification required to obtain simultaneous 
transversality for all the lower-level moduli spaces M^^ Js C C^ E x E, for smooth 
strata S C Sym^(X). 



(5.1) 6(to, 0„, r, 0,4$) := 



5.1.1. Transversality for the top-level moduli space. The condition in Proposition |2. 28 
that the section 6, vanish transversely is, of course, not necessarily true for all pa- 

— # 

rameters (r , $0, r, 0), on which © depends. As in the cases of the moduli spaces of 
anti-self-dual connections [H], |2D|, [JIJ and Seiberg-Witten monopoles j|7], P8| , we first 
show that the family of moduli spaces parametrized by the perturbations (r , 0o, t, 0) 
is smooth and then apply the Sard-Smale theorem |80| to conclude that for generic 
perturbations (r , 0o, t, 0) (that is, a subset of perturbations which is the comple- 
ment of some first-category subset), the moduli space 6 -1 (0) = M^- B (ro, 0o, t, 0) is 
smooth. 

Set VI := C r (X, 0l(A+)) © C r (X, A 1 © C) and let V r := VI ®V r T ®Vl denote our 
Banach space of C r perturbation parameters and define a °^E-equivariant map 

6 := (6 15 6 2 ) : F r x <V )Jg -> ^_!(A + © su(£)) © ® #)) 

by setting 

^(^,00,^0,4$)^ 

^6 2 (r o ,0 o ,r,0,A$), 

'F+ - (id + r © id su(B) + r ■ m(A)) p-\^ © $*) 00 
D A $ + p(0 o )$ + 0-m(A)$ 

where (A, $) is a pair on (su(£'),W /+ © E) and the isomorphism ad : su(E) ~ 
so(su(£/)) is implicit, °Q E acts trivially on the space of perturbations V r , and so 
6 _1 (0) /°Q ' e is a subset of P r x Cw,e- We let OJtyi/^ denote the parametrized moduli 
space &r\0)/°g E and let m*^ E = 'wi w>E n (P r x C^). 

Remark 5.1. While we assumed for convenience in §|] and §[| that the parameters 
g, tq, 0o, t, were C°°, the only difference if the parameters are only assumed to be 
C r , for some finite r, is the slight increase in bookkeeping required to keep track of 
the regularity of solutions to ( |2.27| ) and other associated elliptic systems. 

Just as in § |2.6| , the °(?£-equivariant map 6 defines a section of a Banach vector 
bundle 23 over V r x C^e with total space 

23 := V x C^e *°g E (LU(A + © m(E)) © Lti(W~ © E)) , 

so 6 := 6(ro, 0o, t, 0, ■) is a section over Cj^ E of the Banach vector bundle 03 : = 
2J|(t i?ot#) in ( |2.34| ). In particular, the parametrized moduli space VOI^e * s the zero 
set of the section 6 of the vector bundle 23 over V r x C^f E . 
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Theorem 5.2. The zero set in V r xC^ E of the section & is regular and, in particular, 
the moduli space ^OI^e is a smooth Banach submanifold ofV r x C^ E . 



To preserve continuity, we defer the proof of Theorem [572] to § |5.2| . The differential 

DG := (D&) mMam 

of the section 6 at a point [r , $o, f, A, $] in V r x C^e is given by 
(5.2) De(5r , 8$ , 8r, 6$, a, 0) = ( D &<&» ^ ^ a ' ^ , 

where (a, 0) G K A><I> C -^(A 1 (g> su(i£)) © L\(W + ® E) represents a vector in the 

tangent space (TCwe)[A,$] — T[a,<s>]£we anc ^ (8tq, Sfio, 8t, 5$) G "P r . The differentials 
in (|5.2f ) are given explicitly by 

D©! (<?t , 5^o, £t, <J0, a, <fr\ = d\a - Srop' 1 ^ © $*) 00 

- (id + r <g> id su(jB) + f • m(A)) p~ x (0 ® $* + $ <g> 

- Y^^ T i' La ® ad(m i j, Q (A))p" 1 ($ <g> $*) 



00 



(5.3) 



- £ r,,, Q ® ad (^f^a) ® **) 

L>6 2 ^t , 6tf , £t, 5$, a, 0^ = 1^0 + m(A)<f> + p(a)$ 



(5-4) +E^. Q )®(^«)^- 

We note that from their definitions in § [2.5.2| the perturbations (and their variations) 
are zero order, unlike the first order perturbations considered in p2| . 

Recall from the arguments of §|27J that D&(-, d° A iS> C) = for all ( G L 2 k+l (su(E)) © 
iRz since & is £?£-equivariant. By Proposition |3/7| we may assume, without loss of 
generality, that the pair (A, $) in C$ E is a C r representative for the point [A, $] in 
the zero set (5 _1 (0) C C^ E . Since the tangent space (TC^e)[a ma Y De identified 
with := Keroft** (see ^2.2|), we have 



0.* 



D6(0, 0, 0, 0, a, 0) = d\^{a, 0) = (ci/ $ + 4t,<i>)( a ; 0); 

for (a, 0) G so the differential D&\^ y xTC *,o is Fredholm, where {0} x TC^ E = 

T({r , $0; ^ x C^e)- Thus, 6 is a Fredholm section when restricted to the fixed 
parameter fibers {tq, $q, t, 1?} x C P r x Cj^. The Sard-Smale theorem (in the 
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form of Proposition 4.3.11 in p0[| ) then implies that there is a first-category subset of 
the space V T such that the zero sets in C$ E of the sections & = 6(r , $o, t, •) are 
regular for all C r perturbations (tq, "$o ; t, $) in the complement of this subset. Now 



M*Je (ro,^o,r,#) = 6- 1 (0)nC^ 



and so for generic parameters (tq,i9q,t,'&), the moduli space M^ e (t ,$ ,t,il}) is a 
smooth manifold of the expected dimension. In summary, we have: 

Corollary 5.3. There is a first- category subset of the space V r , such that for all 
C r perturbations (tq,'0q,t,'&) in the complement of this subset, the zero locus of the 
section & is regular and so the moduli space M^ e (t , $ , t, v) = © -1 (0) fl C$ E is a 
smooth submanifold ofC^ E with the expected dimension. 

We recall that a subset S of a topological space V is a set of the first category if its 
complement V — S is a countable intersection of dense open sets or, equivalently, if 
5* is a countable union of closed subsets of V with empty interior; if V is a complete 
metric space, then Baire's theorem implies that V — S is dense in V ||76|| . In our 
applications, V will either be a Banach or Frechet space (with a complete metric), so 
V — S will always be dense if S is a first-category subset. 



5.1.2. Reduction to the case of C°° parameters. The restriction to C r parameters 
(r , $0, necessary to apply the Sard-Smale theorem in § |5.1.1| , proves inconvenient 
in practice. We shall see that these restrictions can now be removed, so we need only 
use C°° parameters (r , ^o, t, Although we did not need the metric g to be generic 
in order for our transversality proof to work, we will nonetheless require the metric 
g to be generic in the sequels to the present article and so, a priori, g would also 
be restricted to a certain Banach manifold of metrics on X. An argument almost 
identical to the one we describe here can be used to show that one need only consider 
generic C°° metrics in those applications. 

There is an argument due to Taubes — for the moduli space of Seiberg-Witten 
monopoles — which reduces the case of transversality for C°° parameters to the case 
of Holder or Sobolev parameters |77|, §9.4]. (A related result for generic metrics due 



to Freed and Uhlenbeck appears as Proposition 3.20 in |3(J, although it is only stated 
for the moduli space of anti-self-dual SU(2) connections with second Chern class one 
over a simply-connected, negative definite four- manifold.) 
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We adapt Taubes argument here to the case of the moduli spaces of PU(2) monopoles. 
We define 

V : = fi°(X,gl(A + ))©fi 1 (X,C), 

oo 

v T = e}(A, n°(x, [(A+))) := f) 4(a, c r (x, i(a+))), 

r=0 

oo 

p„ = £](a, n\x, c)) := fi e}(A, c r (x, a 1 ® c)), 

r=0 

and let P r be the Banach space 

V r : = V r ®V r T ® VI 

= C r (X, [(A+))©C r (X,A 1 ®C) 

© 4(A, C r (X, g[(A+))) © e](A, C r (X, A 1 © C)). 
Define metrics d , rf T and rf^ on Met(X), Vq, V t and P,? by setting 

j/ q q \ 2~ r (||r i - T- 02 ||a- + || #01 - ^Mlc-) 

do(Toi, #01; r 02 , #02 := > -r- -Ti n -n-q 5— ji , 

^ 1 + ||t i - r 02 ||c"- + iFoi - #02 He 

OO O — r || Z* ^ \\ 

dr(Ti, r 2 ) := 2^ 7—^ zqr ' 

^ 1 + ||n -T 2 \\ e i {C r) 

and observe that Vq, V t and V$ are complete metric spaces, with the above metrics 
inducing the C°° topologies. Thus, V is a complete metric space with respect to the 
product metric d = d x d T x which induces the C°° topology on P. The C r 
topology of V r is induced by the product metric d r := d r x d r T x d^. 

Let V reg <ZV be the subspace of parameters for which the zero set of © p is regular 
and note that 

^reg V n>re g, 
n>l 

where P nireg C P reg is the subspace of C°° parameters p such that the differential 
D&p is surjective for all pairs (A, $) in ©p 1 (0) fl C^ E , satisfying 

(5.5) II-^aIIlp < n and v Q {A, <E>; p) > 1/n, 

for some p > 2, where z/ (A, p) is the least eigenvalue of the Laplacian A° $ : = 

^a*<i>^a $ computed with respect to the metric g. Define, in the analogous way, the 
subspaces P r r eg and P^ reg of V r . 



PU(2) MONOPOLES, I 



81 



The uniform upper LP bound on F A precludes bubbling, while the uniform lower 
bound on vq(A, $) keeps (A, $) bounded away from the reducible or zero-section pairs. 
Let u 2 (A, $; p) be the least eigenvalue of the Laplacian A^ 0;p := d A $d£§ computed 

with respect to the parameters p = (tq, #q, t, i?). Then (D& p )a,<i> is surjective if and 
only if u 2 (A, $; p) > 0. 

Claim 5.4. The subspace 7\ rC g C V is open in the C°° topology and P^ reg C V r is 
open in the C r topology. 

Proof. Let {p Q }^Li C V \ "P n ,re g be a sequence of parameters and suppose that p a 
converges to p G V in the C°° topology. Then there is a sequence of solutions (A a , $ a ) 
to (|2.27|) in C^f E , with parameters p a , which satisfy the bounds in ( |5.5|) and for which 
V2(A a , $ a ; p a ) = 0. Proposition |4.24| and the LP bounds in ( p.5|) imply that, after 
passing to a subsequence, there is a sequence of gauge transformations {u a } C Qe 
such that u a (A a , $ a ) converges (strongly) in L\ to a solution (A, $) in C^ E to ( |2.27| ) 
which satisfies the curvature bound in ( |5.5|) . Standard perturbation theory implies 
that the eigenvalues Vi(u a (A a ,^ a );p a ) converge to Vi(A, $;p) for i = 0,2 pETfl , so 
the triple (A, p) satisfies the eigenvalue bound in (|5.5|) . The eigenvalue ^(^4, $; p) 
must be zero — otherwise the eigenvalues v 2 {u \\A OL , $ Q ); p a ) would be positive for 
large enough a. Hence, p ^ "P n ,re g and so V n ^ e g is open. The proof that P^ reg is an 
open subset of V r is identical. □ 



Claim 5.5. The subspace V n ,mg C V is dense in the C°° topology. 

Proof. By Corollary |5l| the space P r r eg is the complement in V r of a first-category 
subset and so is dense by Baire's theorem; clearly, V r nxe „ is also dense in V r , since 
P r r eg C Let p G P be a C°° parameter, and let {p Q } C "P^ rcg be a sequence 

of C parameters such that d r (p,p a ) < 2~ a ~ 1 , so p a converges in C r to p. Since 
Vn,reg ^ ^ i s open by Claim ^]4| and the C°° parameters V are dense in P^ reg we 
may choose, for each a, a C°° parameter p^ G "P^ reg such that c? r (p Q ,p' a ) < 2~ a ~ 1 . 
Since p' Q is C°°, then {p' Q } C T-^reg and by construction we have ef(p, p' a ) < 2~ a and 
so the sequence {p'q,} converges in C r to p G P. 

Therefore, for each r, we obtain a sequence {p' Q (r)} C V n ^ e g which converges in C r 
to p G V reg . But then the diagonal sequence {p' Q (a)} C "P n ,re g converges to p in C r 
for each r (it satisfies d r (p, p' a (a)) < 2~ a for all a > r) and so the sequence converges 
in C°° to p G V, as required. □ 

From Claims |5.4| and |5.5| we conclude that P reg is a countable intersection of dense, 
open subsets of V and hence is the complement of a first-category subset (in particular, 
the subset V reg C V is dense by Baire's theorem). Hence, the space V TCg of C°° 
parameters (r , $0; t, "&) such that the moduli spaces M^>° E (r , $ , r, $) are regular 
is the complement of a first-category subset of V. From this and Corollary |5.3| we 
conclude: 
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Corollary 5.6. Let X be a closed, oriented, smooth four-manifold with C°° metric 
g. There is a first- category subset of the space V, such that for all C°° perturbations 
(tq, $0) t,$) in the complement of this subset, the zero locus of the section & is regular 
and so the moduli space M^ e (tq,'&q,t,'&) = © _1 (0) is a smooth submanifold ofC^ E 
with the expected dimension. 



oo 



Remark 5.7. The same argument shows that the standard Freed- Uhlenbeck generic 
theorems (specifically, Corollaries 4.3.15, 4.3.18, and 4.3.19 in |20] and the refinement 
Lemma 2.4 in |^8| in the non-simply connected case) for the moduli spaces of anti- 
self-dual connections on an SU(2) or SO(3) bundle over X continue to hold for the 
complement of a first-category subset of C°° metrics, rather than just C r metrics. 

5.1.3. Simultaneous transversality for the top and lower-level moduli spaces. Let E be 
a smooth stratum of Syn/(X). Recall from § [4.5.2] that a universal choice of sufficiently 
large N b gaurantees that if [A, $, x] is any point in M WjE and A is irreducible, then 
A has at least one ball B(xj,Ro) which supports holonomy perturbations. 

The PU(2) monopole equations cutting out the locus M^? £ | s C C^f E x E from 

the Uhlenbeck compactification Mw,e are equations for triples (A, $, x) e C\v,E_ e x ^- 
We can again define a °Q ^-equivariant C°° map 

6 : V T x C*^° E _ e x E -> L^_ 1 (A+ ® su(E)) © L\_ X {W~ ® E) 

by setting 

efm iflAf X ) - ^-(id + r ®id su(£) +f-m(Ax)) p-\<S> ® ^ 
b(T ,» ,T,&,A,<P,x) .- ^ ^ + ^o)$ + ftn(i,x)$ 

The proof of Corollary [5l^ now shows that M^ E _ | s C x E is a smooth 

submanifold of the expected dimension for generic parameters (ro,i?0) ^^)) 
(5.6) dimM^_J s = dimM^ + dimE. 

Furthermore, considering regular values of the projection maps onto the second factors 
E, Sard's Theorem also shows that the fibers M^ E | x are smooth manifolds of the 

expected dimension for generic points x e Syn/(X). Indeed, the only tangent vectors 
in each stratum E which might not appear in the image of the projection are those 
arising from the radial vector on the annuli B(xj,4Ro)\B(xj, 2Rq). This observation 
shows that the projection from M^ s _ to E is transverse to certain submanifolds of 
E which will allow dimension counting arguments in [^5] . Issues related to dimension 
counting in the presence of holonomy perturbations are also discussed by Donaldson 
in Jl8|, pp. 282-287]. We can now conclude the proof of our main transversality result: 

Proof of Theorem \1. j[ , given Corollary |5.6| . For the case I = 0, the transversality as- 
sertion is given by Corollary |5.6| and the dimension formula is provided by Proposition 
2.28|. The case I > then follows from the discussion in the preceding paragraphs. □ 
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5.2. Smoothness of the parametrized moduli space. We prove Theorem |5.2| 
by showing that the °(?£-equivariant map & : V' x C^ E — > L\_ l (A + ® su(E)) © 
Ll_ l (W + ® .E) vanishes transversely and so the parametrized moduli space ^Sl*^ E = 
&_ 1 (0)/°Ge is a smooth Banach manifold. The broad strategy is reminiscent of that 
of [|30], Chapter 3] and |2(], §4.3.5], where the analogous result is established for the 



moduli space of anti-self-dual connections parametrized by the Banach space of C r 
(conformal classes of) metrics: our proof of surjectivity of the differential DG_ at a 
point (to, $oj t, A, $) in the zero set © _1 (0) ultimately relies on the fact that, for 
$ ^ 0, a monopole (A, $) which is reducible on an admissible open subset of X is 
necessarily reducible over all of X (Theorem |5.11|) . If there are sections m.j t i ja (A) which 
are non-zero on B(xj, Rq), we say that the connection A has holonomy perturbations 
supported on B(xj,R ); the set {w-j,i, a {A)}f =1 then spans 8u(E)\b( x -,Ro) f° r a ^ least 
one index a. Then an admissible open set for the pair (A, $) is one containing 
B(xj, Rq) for all j such that (3j[A] > 0. (The supports of all the sections m^i^A) are 
contained in \J^ x B{xj, Rq) and so any open subset of X containing U^ 1 5(xj, Rq) is 
admissible.) Recall from § [4.5.2| that because of our choice of Nf,, if [A, $] is any point 



in M^E) then at least one ball B(xj,Rq) supports holonomy perturbations for A. 



Theorem 5.2 is an almost immediate consequence of 



Proposition 5.8. Suppose (to,'&o,t,'&,A,&) is a point in & x (0) with A irreducible 
and <3> ^ 0. If(v, if) is in the cokernel of the differential DG_ at the point (tq, i)q, t, A, $), 
then (v,iP)\b(x-,r ) = f or each ball B(xj,Rq) supporting holonomy perturbations for 
A. 

We first observe that elements of the cokernel of D& := D&^ tq ^ ^ have a 
restricted form of the unique continuation property (sufficient for our purposes) by 
Aronszajn's theorem ||: 

Lemma 5.9. If (v,if) G Ker D&(D&)* and (v, if)\u = on some non-empty open 
subset U C X containing all balls B(xj,Ro) supporting holonomy perturbations for 
A, then (v, if) = on X . 

Proof. By hypothesis, the pair (v, if) solves the second-order elliptic equation 

(D&)(D&)*(v,if) = onl, 

where the Laplacian D& = (D& x , -D@ 2 )> given by equations (4.3) and (4.4), has 
C r ~ 1 coefficients and (v, if) is at least C r+1 . Also, (v, if) = on the set of closed balls 
supporting holonomy perturbations, 

Bj(A):= [j B( Xj ,R ), 

where 1(A) : = {1 < j < N b : (3j[A] > and A\b( x -,2Ro) * s irreducible}. Now, on the 
subset X — Bj(A) where all of the holonomy perturbations and in particular their 
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derivatives with respect to A vanish (see their definition in § [2.5.2| ), the Laplacian 
(D&)(D&)* is a purely differential operator. In particular, it extends to a differen- 
tial operator with C r ~ l coefficients over X, say (-0(5 )(-D(5 )*, given by the linearized 
PU(2) monopole equations ( |5.3|) and (|5.4j) with all terms involving holonomy pertur- 
bations and their derivatives set equal to zero. On the other hand, the pair (v, ip) 
also solves the resulting second-order elliptic differential equation 

(D&°)(D&°)*(v,iIj) = on X, 

since (v,ip) = on B I (A) and D&° ^ D& only on Bj(A), while D&° = D& on 
X — Bj(A)- 

Without loss of generality, we may scale the Dirac equation in (2.21) by l/y/2. We 
then have 

D&°{DG )* = (^a ] + First-order differential terms, 



and so by the Bochner formulas of Lemma [4.1| and [30, Eq. (6.26)], the Laplacian 
D&°(D&°)* is a second order elliptic differential operator with scalar principal sym- 
bol (given by the metric |<? on T*X). The desired conclusion then follows from 
Aronszajn's unique continuation theorem 0]. □ 

Remark 5.10. 1. Aronszajn's theorem does not apply without the given restric- 
tion on the open set U the proof of Lemma |5.9| , as the Laplacian (-0(5) (.0(5)* 
is not a purely differential operator over all of X. One can see from equations 



]3j) and (|5.4T) that the problem terms are those appearing in the last line of 
each displayed equation: the operator dvdj t t j(X /SA acting on a 6 r2 1 (su(-E)) is an 
integral operator, as is clear from the formula for the differential of the holonomy 
with respect to the connection in ( [A. 71) . 

Lemma |5.9| can also be proved without using Aronszajn's theorem explicitly and 



instead applying the Agmon-Nirenberg unique continuation theorem (Theorem 



5.25 ) to the equation (D&)*(v,ip) = 0, and mimicking the existing application 
in the proof of Theorem |5.11| . Indeed, this second proof of Lemma |5.9| is virtually 
identical to the proof of Theorem |5.11| . We leave the details to the interested 
reader, as the preceding use of Aronszajn's theorem appears easier to us. We 
note that Aronszajn's theorem can be derived from that of Agmon-Nirenberg 

(see IS)- 

If (v, ip) is an L\_ x element of the cokernel of D&, then elliptic regularity for the 
Laplacian D&(D&)* , with C r ~ l coefficients, implies that (v, ip) is in C r+1 . Our proof 
of Theorem |5]2| also relies on the following unique 'unique continuation' result for 
reducible monopoles: 

Theorem 5.11. If {A,<&) is a C r solution to the perturbed PU(2) monopole equa- 
tions ( |2.27| ) with $ ^ over a connected, oriented, smooth four-manifold X with C r 
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Riemannian metric and (A,<&) is reducible on a non-empty open subset U C X with 
B(xj,Ro) C U for all j such that /3j[A] > 0, then (A,<&) is reducible on X. 



The proof of Theorem |5.11| is lengthy, so we defer it to § |Q 



Proof of Theorem |<5.jj ; given Proposition |5.fl and Theorem 5.11. Let (r , t?o> t, $, A, $) 
be a C r representative for a point in Tl^ E , so that A is irreducible and $ ^ 0, 
and suppose (v,ip) is in the cokernel of Z}(5. By definition of Nb in § 2.5.2 , the set 
J (A) := { j : 1 < j < Nb and /3j[A] > 0} is non-empty. Since A is irreducible on X, 
Theorem |5.11| implies that A\b(x.,,2Ro) mus t be irreducible for some j' G {1, . . . , N b } 
such that Pj'[A] > 0; otherwise, A\b( x -,,2Ro) would be reducible for all j such that 
f3j[A] > and Theorem |5.11| would imply that A would be reducible over all of X, 
contradicting our assumption that A is irreducible. But then Proposition |5.8| implies 
that (v,i())\B(xj,Ro) = f° r a H j sucri that (3j[A] > and A\b{ Xj ,2Ro) is irreducible and 
so (v, ip) = on X by Lemma |5.9|. □ 



The proof of Proposition |5.8| occupies the remainder of this subsection. We first 
note that since $ is in the kernel Da + i? • tn(A), it has the unique continuation 
property by Aronszajn's Theorem M: 

Lemma 5.12. If (Da + p(^o) + ^ ' tn(A))$ = and $|{/ = for some non-empty 
open subset U C X, then $ = 0. 

Proof. The perturbed Dirac operator Da + p(#o) + ^ • tn(A) differs from Da by a 
zeroth order term and so 

(D A + p(0 o ) + i? ■ m(A))*(D A + p(^o) + $ ■ m(A)) = D* A D A + First order terms. 

The Bochner formula of Lemma |4.1| then implies that the above Laplacian is a second 
order elliptic differential operator with scalar principal symbol (given by the metric g 
on T*X). The conclusion now follows from Aronszajn's unique continuation theorem 
§■ □ 

We shall use the following linear algebra result to show that v G C r+1 (X, A + ® 
su(E)) vanishes on a ball: 

Lemma 5.13. Let M,N be elements of (A + <g> su(E))\ x . Suppose mi,rri2,m3 span 
su(E)\ x . If 

3 

(5.7) (t M, N) + Y,((ri ® ad(mO)M, N) = 

i=i 

for all To, 7~i, r 2 , r 3 G g[(A + )|a; ; then either M = or = 0. 

Proo/. If (t M, N) = for all r G fl[(A + )| :c , then by the proof of @, Lemma 
3.7], the images in su(E)\ x of M, N G Hom(A + | ;E ,5u(i?)| a; ) are orthogonal. (Al- 
though their lemma refers to a element of Hom(A + \ x ,su(E)\ x ) and an element of 
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Hom(A~ \ x , su(E)\ x ) , we can choose any isomorphism between A + \ x and A~\ x to trans- 
late the result.) We can therefore assume that M has rank one and N has rank less 
than or equal to two. (If M is rank two and iV is rank one, we can reverse their roles 
by using adjoints.) If both M/0 and iV 7^ let 

M = u <g> m, 

N = vi <g> n x + v 2 <g> n 2 , 

where u,Vi,v 2 G A + | x and m, ni,n 2 G su(E)\ x . Since the images of M and N in 
S\i(E)\ x are orthogonal we have (m,ni) = = (m, n 2 ); without loss of generality 
we can assume that (n 1; n 2 ) = 0. (If iV is rank one, n 2 can be any element of 
su(E)\ x completing m, n\ to an orthogonal basis of su(E)\ x .) Under the isomorphism 
su(E)\ x ~ M. 3 the adjoint representation is given by the cross-product. We can find 
/j el such that n 2 = J2i fi m h so 

3 

(5.8) ^2(ad(fm)m, m) = ([n 2 , m),n x ) + 0, 

i=i 

3 

(5.9) ^(ad(/ z m;)m,n 2 ) = ([n 2 ,m],n 2 ) = 0. 

1=1 

By assumption, M/fl and N 7^ 0, so u 7^ and either v 1 7^ or t> 2 7^ 0; we may 
suppose without loss of generality that v\ 7^ 0. Thus we can find r G g[(A + )| :c such 
that ru = v\ and so choosing r\ = fir for I = 1, 2, 3 and <5r = 0, we have 
3 3 

® ad(m,)) M, iV) = ^(r <g> ad(/ z m z )M, iV) = ((r <g> ad(n 2 ))M, N) 
1=1 1=1 

= ((r ® ad(n 2 ))(u <8> m), V\ ® n x + t> 2 ® n 2 ) 

= (ru ® [n 2 , m], t> 1 (g> ni + w 2 ® n 2 ) 

= (™,wi)([ra 2 ,m],ni) + (ru, t> 2 ) ([n 2 ,m],n 2 ) 

= l^fiKml.m) 7^ by@ and (H), 

contradicting our hypothesis in fl5.7| ). Hence, either M = or N = 0, as desired. □ 



Remark 5.14. Lemma |5.13| does not hold if the rank of E is greater than two. If 
a, b G sn(E) the above arguments would only allow one to conclude that 

= ([m,a],b) = (m, [a, b]) 

for all m G su(E) so [a, b] = and a, 6 are simultaneously diagonalizable. The sub- 
space of diagonal elements of su(n) has dimension n — 1, so this would not contradict 
the orthogonality of a, 6 if n > 2. 



Lemma 5.15. Continue the hypotheses of Proposition 5^8 and suppose B(xj,Ro) is 
a ball supporting holonomy perturbations for A. Then v = on B(xj, Rq). 
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Proof. By hypothesis, there are holonomy sections m; = vcij t i >a (A), I = 1,2,3, which 
span su(E)\ y , for any point y G B(xj,Ro). Let 5ti := 5r,j )Q G f2°(g[(A + )), I = 1,2,3, 
denote corresponding coefficients, and let Sf be a sequence with all other coefficients 
zero. 

By the hypothesis of Proposition |5l| we have (D&(5t , 5$ , St, 8~&, a, (ft), (v, V0)l 2 = 
for all (5 To, 5$o, St, 5"&, a, (p) and so 

= (D&(5t ,0,5t,0,0,0),(v,^)) L 2 

= (^(5x0,0,^,0, 0,0),!;)^ 

= ((5r <8> id su(E) + 5f ■ m(A))p- 1 ($ <g> $*) 00 ), v)l 2 

3 

= (5toP _1 ($ ® $*) 00 , + X)^ 7 "' ad ( m /)P _1 ( $ ® $ *)oo, W) L 2. 

i=l 

Taking a sequence of St^s which approximate 5T^ y 5{-,y), where 5(-,y) is the Dirac 
delta distribution supported at y and 8ti }V G g[(A + )| y , we obtain the pointwise identity 

3 

(5T 0ty p-\$ ® $*) 00 \ y ,v\ y ) + ^(5T lty ® adim^p- 1 ^ ® <$>*)oo\y,v\ y ) = 0, 

1=1 

for all 8ti jV G g[(A + )|^, / = 0,1,2,3. Lemma |5.13| then implies that either p _1 ( < l ) 



**)oo|y = 0, and thus $\ y = by Lemma |2.19| , or else v\ y = 0. If v\ y ^ then <3> 
would be zero on the nonempty open subset {v ^ 0} fl B(xj, Rq). But then Lemma 



5.12| would imply that $ = on X, contradicting our assumption that $ ^ 0. Thus, 
v = on B(xj, Rq), as desired. □ 

The following similar argument shows that if) = on the ball B(xj, Rq). Note that 



having only t> = or if) = on an open set does not suffice to contradict Lemma |x9 
as the non- vanishing result of Lemma |5.9| applies to the pair (v, if)). We again begin 
with a linear algebra result: 

Lemma 5.16. Let S + G (W + <g> E)\ x and S~ G (W~ ® E)\ x . // m , . . . , m 3 span 
u(S)| x and 

3 

^((^®mOS + ,S-> = 
/or aW0 o ,...,03 e Homc^ 4 ", tfierz 5+ = or 5" = 0. 

Proof. Because {m/}f =0 spans u(E) \ x and gl(-E') \ x = u{E)\ x ®iu{E)\ x , we have gl(E)\ x = 
u(£ , )| a; ®k C and the set {m./}f =0 is a complex basis for gl(E)\ x . Thus, any element of 

Hom c (iy + ® c E, W~ ® c - Hom c (iy + , W~)\ x ® c d l(E)\ x 

can be written as Ym=o &i ® m «, f° r some G Honic(W + , W 7- )^-, / = 0, . . . , 3. Thus, 
if S + 7^ 0, the hypothesis implies that S~ = and conversely, if 7^ then 
S + = 0. □ 
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Lemma 5.17. Continue the hypotheses of Proposition |5T6| and suppose B(xj,Rg) is 
a ball supporting holonomy perturbations for A. Then ip = on B(xj, Rq). 

Proof. By hypothesis, there are holonomy sections m; := Xttji >a (A), I = 1,2,3, which 
span su(E)\ y , for any point y G B(xj, Rq), and so {xrii}f =0 spans u(E)\ y , where m : = 
i ■ idjg. Let Stfi := 5"&j,i,a £ Vt l (X,<C), I = 1,2,3, denote corresponding coefficients, 
and let 5$ be a perturbation sequence with all other coefficients zero. 

By the hypothesis of Proposition |5l| we have (D&(8to, 5$o, St, 5$, a, 0), (v, 4>))l 2 = 
for all (5 Tq, o~$ , St, 5$, a, (ft) and so 

= (£>6(0, 5$o, 0, 6$, 0, 0), (v, ijj)) L , = p6 2 (0, 0, 5$, 0, 0), ijj) L 2 

3 

= (p(8$o)$ + 8$ ■ m(A)$,ip) L 2 = J2(p(5$i)®mi<S>,ij) L 2. 

1=0 

Taking a sequence of JiVs which approximate 5$i >y 5(-, y), where 8(-,y) is the Dirac 
delta distribution supported at y and 5$i >y G T*X\ y (g) C, we obtain the pointwise 
identity 



3 

E 

1=0 



(P{5$l jy ) ®mi^\y,1p\y) = 0, 



i.y 



for all 5di y G T*X\ y ® C, I — 0, 1, 2, 3. Lemma |5.16| then implies that either $| 
or = 0. If 7^ then $ would be zero on the nonempty open subset 
{ip 7^ 0} fl B(xj, Rq). But then Lemma |5.12| would imply that $ = on X, again 



contradicting our assumption that $ ^ 0. Thus, ifj = on -B(xj, i?o), as desired. □ 



We can then conclude the proof of Proposition 5.S 



Proof of Proposition \5. 3j . If {v,ip) is in the cokernel of _D(5 and B(xj,Ro) is a ball 
supporting holonomy perturbations for A, then Lemmas |5.15| and |5.17| imply that 



(v,ip) = on B(xj,R ). □ 

5.3. Local reducibility implies global reducibility. The goal of this section is 
to prove Theorem |5.11| . The argument has two main ingredients: a local extension 
result for stabilizers of pairs which are reducible on a ball and a description of how 
these local stabilizers fit together to give a stabilizer and thus a reducible pair on the 
whole manifold. 

Remark 5.18. The fact that an anti-self-dual connection which is reducible on an 
open subset is necessarily reducible on all of X is an essential part of Donaldson and 
Kronheimer's proof of transversality for the moduli space of anti-self-dual connections 
in [20, §4.3]. The original argument of Freed and Uhlenbeck [30, pp. 57-58] constructs 
a parallel section ( of 5u(E) on the set {Fa ^ 0}. Because the connection A is 
Yang-Mills is ant i- self- dual and therefore Yang-Mills, so oI* a Fa = = oIaEa, the set 
{Fa 0} is open, dense and connected. The section ( cannot develop any holonomy 
on {Fa = 0}, so it extends across all of X, showing that A is globally reducible. This 
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argument does not work in the case of PU(2) monopoles because the connection A is 
not necessarily Yang-Mills and our argument does not show that the existence of a 
nonzero element (v, ip) in Coker D& implies that the connection A is reducible on a 
dense open subset of X. 

We first state the local extension result for pair stabilizers and defer its lengthy 
proof until after that of Theorem |5.11| . Generalizations due to Taubes of the analogous 



result for anti-self-dual connections, namely Lemma 4.3.21 in [20], appear as Theorems 
4 and 5 in As Taubes points out in [^, p. 35], unique continuation theorems for 
solutions to the anti-self-dual equation do not seem to follow from standard results for 
elliptic partial differential equations (such as those of Aronszajn ||) since the anti- 
self-dual equation does not linearize as an elliptic equation for the connection. Since 
the PU(2) monopole equations do not linearize as an elliptic system for pairs, the same 
remarks apply here as well. Rather than rely on the Agmon-Nirenberg theorem for 
the unique continuation property for a general class of ordinary differential equations 
(Theorem |5.25|) , Taubes proves the required unique continuation property directly 
for the ordinary differential equation induced by the anti-self-dual equation on a 
cylinder. (As Mrowka pointed out to us, it should also be possible to deduce the 
unique continuation results of [Q by studying the anti-self-dual equation on a ball 
and applying the Fredholm theory of @.) Recall that B(x , r ) C X denotes an open 
geodesic ball with center at the point x an d radius r . Also, recall that if [A, $] 
is a point in M W ^ E then Proposition ^T7| implies that it has a 'smooth' (that is, C r ) 
representative (A, <3>) solving ( |2.27| ). 

Proposition 5.19. Let X be an oriented, smooth four-manifold with C r Riemannian 
metric g and injectivity radius g = g(xo) at a point x$. Suppose that < ro < r\ < \g. 
Let (A, $) be a C r pair solving the PU(2) monopole equations fl2.27|) on X . If u is a 
C r+1 gauge transformation of E\B( xo , ro ) satisfying u(A,Q) = (A, $) on B(xq, r ), and 
if either B(xj,Ro) H B(xo,ri) = or B(xj,Ro) C B(xo,r ), for all balls B(xj,Ro) 
for which f3j[A] > 0, then there is an extension of u to a C r+1 gauge transformation 
u of E\ B ( XOtri) withu(A,$) = {A,$) onB(x ,n). 



Remark 5.20. This extension result only holds on domains B(xo, r!)\5(xo, r ) where 
the perturbations vanish because the perturbation terms m.j t i ta (A) depend not just on 
the connection A and its derivatives at a point, but on the connection A over open 
neighborhoods in X. Although the unique continuation theorem of [|J does allow 
certain integral terms, this still does not cover the perturbations we consider here 
with their non-local dependence on A. 

We digress briefly to introduce some useful facts about stabilizer subgroups of °Qe- 

Lemma 5.21. If u E Stab<j, for $ e C°(X, W + <g> E) and u ^ id E then $ is rank 
one. If u G S\ and u ^ id^, then $ = on X . 
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Proof. Because u and $ are continuous, the equality tt$ = $ holds at each point 
x £ X and so u\ x G gi(E)\ x must be the identity on the image of $ in E\ x . If $>\ x is 
rank two, then u\ x must be the identity on E\ x , while if u\ x 7^ id^, then $>\ x can be 
at most rank one. If u G S l Z) then w<3> = e ie $ = $ and so $ = 0. □ 



Next we consider the stabilizers of reducible pairs. Recall from [P, Chapter II], 
f6T| , III. 3. 3] that the stabilizer Stab^ C °Qe may be identified with a subgroup of 
hvX(E\ x ), for any point x G X, by parallel translation with respect to the connection 
A and hence with a subgroup of U(2) by choosing an ortho normal frame for E\ x ; 
these subgroups are again denoted by Stab^. If E — L\ © L 2 , let denote the 
gauge transformations given by e^id^ © id^ 2 . 

Lemma 5.22. Let (A, $) be a PU(2) monopole in C r on (E, W + ®E). Let U C X 
fre a connected open set, with U n B(xj,Ro) empty or B(xj,2Ro) C Z7 /or a// fraZZs 
B(xj,Ro) such that f3j[A] > 0. If & ^ and A\u is reducible, then A\u is reducible 
with respect to a splitting E\u = L\ © L 2 where $ zs ranA; one on U, with image 
contained either in L\ or in L 2 . In the first case Stab^^)^ = S\ 2 , in the latter 
Stab^,*)^ = S Ll . 

Proof. Because A\jj is reducible, all the holonomy sections Xttji >a (A) vanish on U if 
B(xj,2Ro) C U. If B(xj,Ro) D U is empty the holonomy sections also vanish on 
U, as they are supported on B(xj,Ro). Since $ ^ 0, we have (Fj[) ^ on U by 
Lemma p.!9| and the equation (F|) = (id + r )p _1 ($ © $*) 00 of (|2.27|) , so A\ v is 
not projectively flat. Therefore, Stab^i^ ~ T 2 and A\u is reducible with respect to a 



splitting _E|;7 = Li © L 2 by Lemma 2.6 



Because the connection A|y is reducible with respect to the splitting E\u = L 1 (BL 2 , 
we can write A\v — A% © A 2 , where Ai,A 2 are unitary connections on Li,L 2 , so 
i^|t/ = F Al ®F A2 and 

M)»=( |(Fi o" Fi) 4M °_ nj )=-^. 

where zz; = — %(F£ — Fj[ 2 ) G E) and o~i G su(2) is one of the Pauli matrices 

Q2.14Q . Hence, (i^)o is rank one on Z7 and the equation (-F| ) = (id+r )p _1 ($©$*) O o 
implies that ($ © $*)oo is rank one on U; Lemma 2.21| then implies that $ is also 



rank one on U and so <$>\ v = <p © £, for some <p G C r tt°(U, W + ) and £ G C r fi°(£7, £), 
and 

($ © $*) 00 = © <f )o ® i(f ® Do- 
Writing £ = 6 + 6 for & G C r fi°([7, Lj), we see that 

6® 6 -I(iei| 2 -I6l 2 ) 
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Since (id + T )p _1 ($ ® $*)oo = -(id + r o )p~ 1 (z(0 <g> 0*) o ) ® i(f ® f )o, we have 



(id + ro)p _i ($® $ 



J oo 



= -(id + „,)„-«, a «„) ® "| |2) 111* 

and by comparison with our matrix expression for (F^)o we see that £1 <S> £2 = 011 
Z7 and thus at each point of U, either £1 = or £ 2 = 0. Since Va£ = V^Ci © Va 2 6i 
and the perturbations vanish on U, the equation (Da + "d • m(A))$ = reduces to 
(Da 1 + p("&o))(4> (E £1) = and (-Da 2 + p($o))(0 <E £2) = 0. The unique continuation 
result for the perturbed Dirac operator, Lemma |5.12| , implies that if </> (8> £1 vanishes 
on an open subset of U, then 0(E) £1 = on {7, and similarly for 0(E>£2- If £1 is non-zero 
at a point and thus non-zero on an open neighborhood, £2 vanishes on this open set 
and by unique continuation £ 2 = on all of the connected set U. Symmetrically, if 
£2 is non-zero at a point, then £1 = on U. Thus, $ = </> <E> £1 or $ = <fi ® £2- 

The stabilizer of is S| x S\ 2 . If £1 = 0, then Stab^ = Map(C7, S^) while if 
£2 = 0, then Stab^ = Map(£/, S£ a ). □ 

We see that elements of the stabilizer of a pair cannot exhibit holonomy, in the 
sense of the following lemma. 

Lemma 5.23. Suppose (A, $) is a PU(2) monopole with $ ^ and that U\, U2 are 
connected open subsets of X . If there are gauge transformations Ui G °Qe\u 1 , i — 1)2, 
such that Ui G Stab^., w« G Stab^,*)^ nC7 , u. t 7^ id, ond i/iere is a point x G U\ D C/2 
swc/i i/ioi Mi = «2 °^ -^U; i/ien «i = «2 on -E^nt^- 

Proof. Let V C £/i fl t/2 be the dense open subset of points {$ 7^ 0} fl ?7i fl C^- 
Because there is a gauge transformation G °GE\Ui with -Uj<3> = $ over t/j, then 



^|j7inc/ 2 rnust be rank one by Lemma |5.21| and there is an orthogonal decomposition 



E\v = Im$ © (Im$) . Since = $ on V, both Ui respect this decomposition and 
must be the identity on Im$|y. Thus, on V we can write 



1 

e i9 < 



with respect to this decomposition. Now det-Uj = e ldl and because «j G °GE\Ui, the 
function det Ui is constant on Ui and e * G S 1 . Thus, if U\ — Ui on E\ x , then «i = m 2 
on all points in V which can be connected to x by a path in U\ and a path in {7 2 (note 
that these need not be the same paths). Because U\ and U2 are connected, u\ = U2 
over all of V. Now V is dense in U\ fl 6^ and the Ui are continuous so iti = U2 over 
all of Ui n C/ 2 . □ 



Theorem |5.11| now follows from Proposition p,19| : 



Proof of Theorem 5.11 given Proposition 5.1% Let (A, $) be a C r solution to the 



PU(2) monopole equations (|2.27|) with $ ^ and A reducible on a non-empty 
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open set U C X. Let J (A) = {j : j3j[A] ^ 0} and let Bj(A) = U je j {A )B(xj, Rq). 
Let U° be a connected component of U — Bj(A). Lemma |5.22| then implies that 
Stab( J 4 i $)| c/0 ~ S 1 7^ S\ and so there is a C r+1 gauge transformation u of E\u° such 
that u(A, $) = (A, $) on [7°. Proposition |5.19| allows the extension of u to open sub- 
sets of X\Bj(A) containing U°. To be explicit, let x G U° and r = dist 9 (x, <9£/°) and 
choose r\ > r such that r\ <\g and r x < min Jg j(^) dist 9 (x, B(xj, Rq))- By Proposi- 
tion |57T9] there is an extension of u G Stab(A,$)[ B(a . ro) to an element u G Stab^,*)^^ >. 



By Lemma [5.23| we have u = u on [7° D B(xq, r±) and not just B(xq, tq). This gives an 
extension of the stabilizer it for (A, $) over [7° to a stabilizer u over the slightly larger 
open set U° UB(x,ri). Since we do not assume that X is simply connected, we must 
check that the extension obtained by repeating this process yields a single-valued 
gauge transformation over X — Bj(A). 



The consistency of two extensions follows from Lemma [5.23| . Let u%, i = 1, 2, be two 
extensions of u to connected open sets U° containing U°, so we have Ui G Stab^^i 

i 

with Ui = u on i?|[/o. Because «i = u = u 2 on E\u<>, Lemma |5.23| implies that u± = u 2 
on ^|c/°nc/|- Therefore, the extensions of u G Stab^.j,)^ fit together to form a global 
gauge transformation u G Stab^,* on X — Bj(A) such that u = u on E\u°. 

Thus, given that A is reducible on an open set U containing Bj(A), the above 
argument produces an element u G Stab(A,$)| x _ g7(A) with u S\. Then Lemma p76| 
implies that A is reducible on X — Bj(A). For j = 1, . . . , X&, let Vj be an open, 
connected subset of U(~) B(xj, 2Rq) containing B(xj, Rq), such that Vj fl (X — Bj(A)) 
is connected and set 

X 1 = X-Bj(A) and X,- = (X - Bj(A)) U |J V fc , 2 < j < JV 6 + 1. 

i<fc<i-i 



Each subset Xj and VjC\Xj is connected and X 1 C X 2 C ■ ■ ■ C X Nb+1 = X. We extend 
u G Stab(^ i$ )| x _ s inductively over each Xj. Plainly, we have u G StabA\ v . nx . and 
Stab^i^. C StabA\ v . nx ., so we first check that Stab^ = Stab^| Vnx . . By hypothesis, 
A\u is reducible and so for each subset Vj C U, we have that A\y. is reducible. 
Because $|y-nXj ^ and thus Fa ^ on Vj fl X,- by ( |2.27| ) — so A|y. n x- is n °t 
flat — then Lemma |2.6| implies that Stab^ nx ~ T 2 . The same argument yields 



Stab,4| v . — T 2 . (We use the assumptions on the connectedness of Vj and Vj fl Xj 

here: If the sets were not connected, the stabilizers would be ©T 2 , a direct sum over 
connected components.) Thus Stab^ = Stab^ nx ~ T 2 . 

Hence, there is an element u" G Stably, such that u" = u' on Vj fl Xj, where 
u' G Stab(A,$)| x . with u' ^ id. Together, u' and u" give an element u G StabA| x 

which is not in S\. The connection A is then reducible on X J+1 , which implies that 
all the holonomy perturbations vanish on Xj +1 . Lemma |5.22| then shows that the 



pair (A, $) is reducible on Xj + \ and we obtain a stabilizer u G Stab(^0)| x , with 
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u 7^ id. The construction of it 6 Stab^, u ^ id, is then completed by induction on 
3- □ 



Remark 5.24. The analogue of Theorem |5.11| (namely, that local reducibility im- 



plies global reducibility) does not hold for anti-self-dual connections without further 
restrictions on the topology of X. For example, in |3(J it is assumed that the four- 
manifold X is simply connected (see Lemma 4.3.21). As described by Kronheimer 
and Mrowka in [57J one can have locally reducible anti-self-dual connections (called 



'twisted reducibles' in [0]); see their Lemma 2.4 for a sharp version of the Freed- 
Uhlenbeck generic metrics theorem (Corollaries 4.3.15, 4.3.18, and 4.3.19 in |2"0|]) 
which holds when the requirement that X be simply connected is dropped. In our 
case, we see from the proof of Theorem |5.11| that globally irreducible, locally reducible 
solutions (A, $) to (|2.27|) do not exist (at least when $ ^ 0) because the stabilizer 
u G Stab^s must stabilize the section $ and not just the connection A. 



The proof of Proposition |5.19| takes up the remainder of this section. 



5.3.1. The Agmon-Nirenberg unique continuation theorem. As in the case of the anti- 
self-dual equation |2(J Lemma 4.3.21], our proof of the unique continuation property 
for PU(2) monopoles in radial gauge relies on the following special case of a more 
general result due to Agmon and Nirenberg for an ordinary differential equation on 
a Hilbert space [|]: 

Theorem 5.25. j|, Theorem 2 (ii)] Let ft be a Hilbert space and letV : Dom("P(r)) C 
f) — > f) be a family of symmetric linear operators for r G [tq,R). Suppose that 
7] G C^Qro,^),^) with T](r) G Dom(P(r)) and Vrj G C°([r , R),Sj) such that 



(5.10) 



-p — V(r)ri(r) 
ar 



<a\\v{r)\\ 



for some positive constant c\ and all r G [ro, R). If the function r t— > (r](r),V(r)r](r)) 
is differentiable for r G [r , R) and satisfies 

(5.11) ±( r] ,Vr ] )-2Re( d ^,Vr ] ) > -c 2 \\V V \\ \\ V \\ - c 3 h|| 2 , 



dr \dr 

for positive constants c 2 , C3 and every r G [ro, R), then the following holds: Ifr](ro) = 
then Tj{r) = for all r G [r , R). 

Applications of 0, Theorem 2] to the proof of unique continuation results for first- 
order elliptic and parabolic partial differential equations were considered by Agmon in 
0, Chapter II]. In our application V(r) will be a family of first-order partial differential 
operators which are self-adjoint over the closed manifold X. Theorem |5.25| has also 



been applied by D. Salamon to prove the unique continuation property for harmonic 
spinors |771 Appendix E]. One of the difficulties in applying the Agmon-Nirenberg 
theorem to the PU(2) monopole equations (in Gaussian polar coordinates, (r, 9)) 
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is the requirement that the one-parameter family of operators be self-adjoint with 
respect to a fixed inner product on a fixed vector space. The additional complication, 
not present in PJ, §4.3.4], is that the induced spin c structures on geodesic spheres in 
X vary with the induced family of r-dependent metrics. 

Remark 5.26. [ffl, Remark, p. 209] If Dom(V(r)) = D is independent of r and V(r), 
r G [ro,R), is a differentiate family of self-adjoint operators, then the left-hand side 
of ( |5.11p simplifies, of course, to give the condition 

(5-12) (v, «ty > -ca \\Vrj\\ \\r]\\ - c 3 \\r)\\ 2 , 

since, noting that V is self-adjoint, 

± (,, vn) - 2 Re p„U ( d Z v,) + U«L) + Lr± 



dr \dr J \ dr J \ dr J \ dr 

d J>,v v )-U,<!> 



dr 7 V dr 



dV 



dr 

If V(r), r G [ro,R), is a different iable family of self-adjoint operators then it is easy 
to see that (|5.12|) follows from the simpler condition 

dV 

" < c 2 ||'P^|| + c 3 ||r/| 



dr ^ 



(5.13) 

provided Vr) G C°([r , R), fj). 

5.3.2. 27ie PU(2) monopole equations in Gaussian polar coordinates. Our first task is 
to write the pair PU(2) monopole equations ( |2.27| ) as an ordinary differential equation 
with respect to Gaussian polar coordinates (r, 9) centered at a point xq G X. For the 
analogous ordinary differential equation in the case of the anti-self-dual equation, see 
1 163], ^8] and for the Seiberg-Witten equations see ||7|, [77[ . 



Recall that g is the injectivity radius of (X, g) at the point xq, so exp XQ : -8(0, g) C 
(TX) XQ — > B(xq, g) C X is a diffeomorphism. For each £ in the unit sphere S 3 C 
(rX)j„, let {ej(£)}f =1 be an oriented, orthonormal basis for (M^) -1 = (TS 3 )^ C 
(TX) X0 ; that is, let {e^} be an orthonormal frame for TS 3 . Let 7^(r) be the geodesic 
ex P:ro( r O> r e [0,g), so that 7 C (0) = x and |7^(r)| = and let r € (r) : (TX)^ -> 
(TX) 7f ( r ) denote parallel translation with respect to the metric's Levi-Civita connec- 
tion along 7^(r). Let ej(r, £) := T^(r)ej(£) for r > 0, so that {7^(r), ej(r, £)} is an 
orthonormal frame for (TX) 1 ( r ) which is parallel along the radial geodesies 7^(r) and 
satisfies 7^(0) = £ and ej(0,£) = e»(£). Denote the radial vector 7^(r) G (TX) 7e ( r ) by 

:= ^| 75 (r) when no confusion can arise. Thus, {^,e«} is an oriented, orthonormal 
frame for TX over B(x , g) \ {0}, which is parallel along radial geodesies; let {dr, e 1 } 
be the corresponding dual frame for T*X over B(xq, g) \ {0}. 
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With respect to the parametrization S 3 x (0, g) ~ B(x , g) — {x }, given by (r, £) i— > 
exp (r£), the metric g on B(xq, q) — {xo} pulls back to 

£ = (dr) 2 + 5- r , 

where g r is the metric on S 3 pulled back from the restriction g\ssf xo ,r) to the geodesic 
sphere S 3 (x , r) := {x G X : dist 9 (x, x ) = r}. Let * 9r denote the Hodge star operator 
for the metric g r on S 3 and, for emphasis, we write * g for the Hodge star operator 
for the metric g on X. 

Suppose that a pair (A, $) on (su(£'),H /+ <g> £?) is a C r solution to the PU(2) 
monopole equations ([2.271) ° ver X, 

D A ,t $ = 0, 

where r := idA+ + t is an automorphism of A + and D^^^ := Da& + pt^o)^- We 
have not included the holonomy perturbations f ■ TCi(A) and •& ■ tn(v4) because they 
vanish near x by hypothesis. 

We obtain an isomorphism E\b(x ,q) — EqX B(xq, g) of complex two-plane bundles 
by choosing a unitary frame for Eq := E\ XQ and using parallel translation via the 
U(2) connection on E defined by A and A detE along radial geodesies emanating 
from xq. Let A = B + Cdr denote the induced SO (3) connection on the bundle 
su(E ) x S 3 x (0, g) over S 3 x (0, g) and note that A is in radial gauge with respect 
to the point x , so C := A(-§-) = 0. We let B = B(r), r G (0,g), denote the 
resulting one-parameter family of SO (3) connections on the bundle su(E ) x S 3 over 
S 3 . In exactly the same way, we obtain an induced one-parameter family of U(2) 
connections on the bundle x S 3 over S 3 , r G (0, g), induced by the isomorphism 
W + \ B{xOtg y {xo} ~W+xS 3 x(0,g). 

A section $ of the bundle W + ® E over B(xq, g) pulls back, via the isomorphism 
(W + ®E)\B(x , e )-{x } — {Wq®Eo) x S 3 x (0, g), to a one-parameter family of sections 
\&(r) of the bundle W 7 ^ <8> E x S* 3 over S* 3 . The automorphism r of A + ' 9 pulls back 
to a one-parameter family of automorphisms er(r) of T*S 3 , for r G (0, £>), using the 
isomorphism 

(0, q) x T*S 3 -> A+' 9 (T*X), (r, a) i-> * flr a + dr A a. 

The g-compatible Clifford map p : T*X — > Hom(H /+ ,H / ~) and the isomorphism 
|s(x , e)— fao} — x ^ 3 x (0) 0) define a family of ^-compatible Clifford maps 
7(r) : T*S 3 -> End(H /7 + ) by setting 

7(r) := p(dr)p( • ). 

Indeed, to see this, observe that g(dr,dr) = 1 and so for a family of one-forms a(r) 
on S* 3 , defined by the isomorphism B(x , g) — {x } ~ S* 3 x (0, £>) and a one-form a on 
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B(x , g), we have 

7 r (a)^7 r (a;) = p(a)^ p(dr)^ p(dr) p(a) = p(a)tp(a) 
= g r {a,a) id w +, 

as required. The map 7 extends to a one-parameter family of Clifford maps 7(7™) : 
A*(T*S 3 ) <g> C -> End(W + ) in the usual way. For example, j r (a A (3) := j r (a)j r (/3), 
for a, (3 E fi 1 (5' 3 ), in which case we see that 7 r (o; A 0) — p(a)p(f3). 

With the above understood, we can proceed to rewrite the PU(2) monopole equa- 



tions ( 2.27 ) over the ball B(xo, g) as an ordinary differential equation for a one- 
parameter family of pairs (-B(r), \l/(r)) on (su(E ), Wq (g> E ) over S 13 . The curvature 
Fa of the connection A over B(xq, g) is given by 

F A = F B - — A dr. 
dr 

For any uj G f2 2 (X, M), we have p+{uj) = p + (* g uj), since p+\\- = 0. If the radial 
component of u vanishes and we consider lv\b( Xo , s ) as a one-parameter family of two- 
forms u(r) on S 3 , we see that * g u = —(* gr uj) A dr. Combining these observations 
yields 

(dB 
F B - — Adr 

dB 
dr 
dB\ 
dr J 



P+ ( -(*gr F B) Adr - — Adr 



p-{dr)p + ( * gr F B + — ) 



and therefore, 



The section prp _1 ($ <g> $*) o of su(W + ) ®su(E) over B(x , g) pulls back to the one- 
parameter family of sections 7<77 _1 (\l/ ® \I/*)oo of su(Wq) ® su(£ , ) x S* 3 over S 3 via 
the isomorphism W" 1 "^^^)-!^} — Wo" x S 3 x (0, £>) and similarly for E. 

Let 9{r) be the induced one-parameter family of complex one-forms on S* 3 defined 
by $0 on B(x , g) and the isomorphism B(x , g) — {x } ~ S 3 x (0, g), so $ — —fdr + 9 
on S* 3 x (0, where /(r) G f2°(S' 3 , C). Given the preceding identifications, the Dirac 
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operator term in ( 2.27 ) can then be written over S x {r} as 



3 

7 A - ^ 



D At <, $ = p(dr)Vi^ + > p(e 4 )V^ + p(tf )# 



Or 

I 1 

, T 3 

p( dr ^ + E ^ el ) V S* + - -frw* 

i=l 

^ rfr ) I ^ - $>(dr)p(e l )V^ - p(dr)p(0)V - /* 

i=l 



and therefore, 



)00; 



\ dr 

Hence, the PU(2) monopole equations ( [2 .27] ) can be written as 

7 + * 9 r F Bj = 7^7 _1 (* ® 

p(rfr)— = p(dr)D B ,e,f^. 

We use D B : fi^S* 3 , W + ® £ ) -> fi^S 3 , W + ® £ ) to denote the one-parameter 
family of Dirac operators defined by the family of g(r)-compatible Clifford maps 
j(r) : T*S 3 — > EndWo", the family of U(2) connections on Wq x S 3 , the family 
of S0(3) connections B(r) on su(E ) x S 3 over S 3 , and the family of determinant 
connections on det-Eo x S 3 over S 3 . Since the Clifford map gives an isomorphism 
7 : T*S 3 ~ su(Wq) x S 3 , the PU(2) monopole equations then take the shape 

dB 

(5.14) — + * gr F B = a 1 - 1 (ty®ty) 00l 



for a one-parameter family (-B(r), *(?")), r e (0, £>), on (E , W ® £b) over S . 

5.3.3. T/ie ordinary differential equation for the difference pair. Let (A, $) be a C r 
solution to the PU(2) monopole equations ( |2.27| ) over X. Suppose, as in the hy- 
pothesis of Proposition |5.19| , that there is a C r+1 gauge transformation u of E\b{x ,t ) 
such that u(A, $) = (A,$) on 5(xo,r ). Let (A,$) again denote the induced pair 
defined by the isomorphism E\b( xo , s ) — E x S 3 x (0, £>) (given by a choice of unitary 
frame for Eq = E Xo and parallel, radial translation via A) and let w be the induced 
gauge transformation on Eq x S 3 x (0,r ). Then to (A) = uAu^ 1 — (dAu)^ 1 and 
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A = B + C dr, where C = A(-r^) = 0, and so du/dr = 0. We now extend u by parallel 
translation via A along radial geodesies emanating from xq to a gauge transformation 
u on E x S 3 x (0, g). 

Let (A,&) = u(A, $) be the gauge-equivalent pair on S 3 x (0,g), so (A, $) is a 
C r solution to ( |2.27| ) over S 3 x (0, £>) with A = u(A) in radial gauge. In particular, 
(A, $) = (A, $) over S 3 x (0, r ): we need to show that (A, <f>) = (A, $) over ,S 3 x (0,77) 
in order to prove Proposition |5.19 . 



The one-parameter family of pairs (B(r), *(r)) on (su(-E ) ; Wo~ <8> -Eo) over 'S' 3 also 
satisfies the ordinary differential equation in ( |5.14| ) so, subtracting these two pairs of 
ordinary differential equations, we obtain for r > r , 

d ^ B ~ B) + * 9 A f b - f b) = <*T l (* ® ** - * ® ^*)oo, 

Since Fb = d{B-T) + {B -V) A{B-T) and D w = £+7(5-^+7(0) + /!^+^, 
we obtain an ordinary differential equation for the difference pair 

:= (S-S,*-*) G ^(^suOEo)) ©ft°(S 3 , W +®£ ), 

so that, 

(5.15) ^ = - * Sr rf6 + * 5r (B A 6 + b A 5) + t77- x (* ® ^* + ip ® #*) 00 , 

^ = + 7(5 - r)^ + 7(6)* + 7W + 

where r G (r , g) and T is the product connection on su(E ) x S 3 over S 13 defined by 
our trivialization. The above system has the schematic form 



where is a one-parameter family of zeroth-order operators with coefficients de- 
pending on g r , B, a, and 



5.3.4. Reduction to the Agmon-Nirenberg theorem. We first observe that the operator 
— *g r d on fl 1 (S 3 ,su(E )) is self-adjoint with respect to the L 2 inner product induced 
by the metric g r on S 3 . Indeed, as * 2 r = 1 on fi 1 (S' 3 ) and dtr(6 A b') = ti(db A b') — 
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tr(6 A db'), we have 

/ (b, - * gr db') r dvol r = - I tr(6 A * flr (- * gr db')) 
Js 3 Js 3 



tr(6 A df) = / tr(d& A b') 
tr(6 A dfc') = / tr(fc' A * 2 r d&) 

S 3 is 3 

/ (b' ,*g r db) r dyol r , 
Js 3 



and therefore, 



/ (&> _ *9r db') r dvo\ r = / (— * 9r d&, 6') r d vol r . 
Js 3 is 3 



's 3 Js 3 

The Dirac operators D : Q 1 (S 3 , W Q + <g> £ ) -> fi 1 ^ 3 , ® ^0) are defined by the 
one-parameter family of ^-compatible Clifford maps 7 r : T*S 3 — > End(W / + ), the one- 
parameter family of U(2) connections on W + x S 3 , one-parameter family of determi- 
nant connections on detE'o x S 3 , and the product SO(3) connection on su(E Q ) x S 3 . 
Then, by |57|, Proposition II. 5. 3] we have 

where £(r) is the one-parameter family of vector fields on S 3 defined by a(£) = 
— (ip, j(a)ip'), for all a G f2 1 (5' 3 ). Hence, the Divergence theorem for the metric g r 
implies that D is self-adjoint with respect the the family of L 2 inner products on 
Q^S 3 , W+ ® E ) defined by g r : 



(Dip, if)') dvol r = / (iff, Dip') dvol r 
s 3 ' Js 3 

The Agmon-Nirenberg theorem is not immediately applicable to the ordinary differ- 
ential equation in (|5.16 ) since the differential operator V r := — * 9r d © D is only 
self-adjoint on the Hilbert space S) r := L 2 (S 3 , A 1 © Su(E )) © L 2 (S 3 , Wq © E ) with 
L 2 inner products (■ , -) r defined by the family of metrics g r on S 3 , rather than a 
fixed inner product. 

If dvol r is the volume form on S 3 defined by the metric g r then we may write 

dvol r = h 2 dvol, r e (0, g), 

for some positive function h r on S 3 , where <ivol is the volume form on S 3 defined by 
the standard metric. However, 

(5.17) Q r := KVrh; 1 , re{0,g), 

is a differentiable path of self-adjoint, first-order, elliptic differential operators on the 
fixed, real Hilbert space underlying Sj := L 2 (S 3 , A 1 ®su(E )) ®L 2 (S 3 , Wq ® E ) with 
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L? inner product (• , •) defined by the standard metric on S 3 . Indeed, if we define a 
Hilbert-space isomorphism fi r — > fj by (b, ip) \— > (/3,<p) := h r (b,ip), then 



(Qr(/3,<p), (/3',ip')) dvo\ = / {KVrh^hr&^^rib'^'^dvol 



S3 



S' 1 



g3 



(V r (b,i;),(b'^'))dYo\ r 

(h r (b, ip), h r V r h~ l h r {b\ ip')) d vol, 



S3 



and therefore, 

(a(M,(/3V)Wvoi 



S 3 



<(/?,<p),g r (/?V)>dvol, re(0, e ). 



The operators Q r have dense domain L\. Since (6, ip) = h r we see that 



dr 



2 dh r 



and so, subsituting into (|5.16|) gives 



(5.1* 



^dh r 



r e (Q,q), 



with (/3, </?) a path in fj. 



5.3.5. Verification of the Agmon-Nirenberg conditions. We can now conclude the 
proof of our unique continuation result for reducible PU(2) monopoles: 

Completion of proof of Proposition \5.1Q . The estimates ( [5 . 1 0| ) and ( |5.12| ) are, in prin- 
ciple, straightforward to check since we only need them for r varying in the compact 
interval [^ro,ri]; the second condition, ( |5.12| ), requires a little more explanation since 
we need an estimate for dQ/dr. We first check condition ( |5.10|) . Comparing ( |5.15| ), 
( CT ), and (|5Tp we find that 



dr 



< 011103^)11: 



ir < r < \q, 



for some positive constant C\ = Ci(g, r , A, $) and so the ordinary differential equation 
in Q5.18D obeys the estimate ( |5.10| ) on the interval [|r , 7*1]. To check condition (|5.12| ), 
observe that the definition of Q r in (|5.16|) and Q5.17D yields the pointwise bounds 



dQr 

dr 



<C(|(VAV^)| + |(/3^)I) 
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C(g,r, A w ,r ) 
:3 



and V denotes 



where |r < r < ^g, for some positive constant C 

covariant derivatives on A 1 ® su(E ) and Wq ® E x S :i which are independent of r. 
Thus, using the standard elliptic estimate for Q r we obtain the L 2 bound 

dQ r 



dr 



-GM 



and so, for \r$ < r < 



dQ r 



dr 



<C(\\Qr(P,<P)\\ + \m<P)\\) 



<C(||Q r (/3^)||(/3^)ll + ll(/3^)|| 2 ) 



Therefore, ( |5.12| ) is obeyed with C2 = C3 = C on the interval [^0, 7*1]. By Theorem |5. 2 5 
and Remark |5.26| , the solution (/3(r),(p(r)) vanishes for r G (0, ri) since it vanishes 
for r G (0,r ). Hence, (a(r),0(r)) = for r G (0,ri) and u(A, <&) = (A, $) on the 
ball B(xq, ri). This completes the proof of Proposition |5.19| . □ 

Appendix A. Holonomy perturbations and regularity 



When defining our holonomy perturbations in § [2.5.2| we deferred a detailed discus- 
sion of several important regularity issues which arise in their construction. The first 
concerns the regularity of sections of E and su(E) which are constructed by parallel 
transport via Sobolev connections and is described in § [A. 1| . The second concerns the 
regularity of the Qe equivariant maps f)j,i, a '■ Ae(X) — > Ll +1 (X,su(E)) and we show 
in §[A.2| that these maps are C°° . (All of the Q e equivariant maps discussed here are 



°Qe equivariant since Sg acts trivially on connections in Ae', if the connection on 
det E is not fixed, then all of the Qe equivariant maps are Aut E equivariant.) 

The definition of the maps ttVj^q, also makes use of the existence of a locally finite, 
C°° 'positive partition' on a paracompact manifold modelled on a separable Hilbert 



space, in the sense of Proposition |A.12| . The differentials of the cutoff functions in 
these partitions need not be bounded a priori for the usual reason that in a Hilbert 
manifold, closed and bounded sets are not compact. Nonetheless, as we shall see in 
§ |A.3| , it is possible to modify the standard proof |55| of the existence of a C°° partition 
of unity on a paracompact C°° manifold to produce C°° cutoff functions all of whose 
differentials are bounded. The sums defining the perturbations r-m and $-m of § [2.5.2| 
are finite when restricted to any of the open neighborhoods (7rory j )~ 1 (L r j jQ ,) C A* E (X), 
where r Y . : Ae(X) — > AE(Yj) and 7r : Ae{X) — > BsiYj) is the canonical projection. 
However, the number of terms in these sums may be infinite in the neighborhood of 
a reducible connection: It is for this reason that they must converge with respect to 
a suitable choice of weights, as described in § |2.5.2| . We specify the choice of weights 
in § |A.4| and explain why the Qe equivariant maps f ■ m and •& ■ m are C°° on Ae(X). 



A.l. Parallel transport for Sobolev connections. The fact that parallel trans- 



port is well-defined for L 2 , connections has been pointed out in [61]. However, to 



construct L k+l sections constructed by parallel transport via L k connections with 
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k > 2, we need to regularize them, taking care to do this gauge equivariantly. (Given 
an L\ connection A it does not follow that local sections constructed by A-parallel 
transport are in L\ +1 .) If we ignored the issue of equivariance then it would suffice 



to use the standard smoothing kernel described in p3| , §7.2 & §7.3], yielding a C°° 
section irrespective of whether the connection is L\ or C°° . Instead, we use the kernel 
K t (A)(x,y) G Hom(su(E)\ y ,su(E)\ x ), t G (0, oo), of the heat operator 

K t (A) = exp(-td* A d A ) : L 2 (X } su(E)) -> L 2 k+1 {X , su{E)) , 

defined by the C°° metric g on TX and L\ connection A on E |34|, §1.6]; related 



constructions are described in [p4|, p. 339], |85|, p. 177]. The key well-known properties 



|T2|j, [ M , §1.6] of the heat kernel which we need are summarized below: 

Lemma A.l. Continue the above notation and suppose ( G L 2 (X,su(E)). 

1. As t — > 0, the heat operator exp(—td* A d a) converges to the L 2 orthogonal projec- 
tion onto Ker(d* A dA) ± ■ 

2. If A on su(E) is irreducible then K t (A)(x, •) converges to the Dirac delta distri- 
bution 6(x, ■). 

3. If A is L 2 then K t (A)( is L 2 +1 ; if A is C°° then K t {A)( is C°° . 

4. If ( G C°(U, su(E)), for an open set U C X, and A is irreducible on su(E), 
then K t (A)( — > ( in C°(U,su(E)) as t — >• for any open subset U d U. 

Lemma |A.1| continues to hold for unitary connections A on Hermitian bundles 
E over compact C°° manifolds with boundary Y = Y U dY; we use the Neumann 
boundary conditions of [^, p. 192], |87], Proposition 2.1] to obtain an L 2 self-adjoint 
Laplacian d* A d A . Our main application will be to sections defined by parallel transla- 
tion: 

Lemma A. 2. Let k > 2 be an integer and let A be an L\ unitary connection on a 
Hermitian two-plane bundle E over X . Let xq be a point in X , let G su(E)\ X0 , and 
let B(xo,r) be a geodesic ball with center x^ and radius r > 0. 

1. Parallel transport with respect to A is well-defined along C°° paths in X . 

2. If ( is the section of su(E)\ B ( XQ ^ obtained by A-parallel transport of Co along 
radial geodesies originating at xq and A is C°° then ( is C°° on B(xo,r). If A 
is L\ then ( is C° on B(xo,r) and its mollification K t (A\B( Xo ,r))( is L\ +l on 
B(xq, r) for any t > 0. 

Proof. Let 7 : [0, 1] — > X be a C°° path such that 7(0) = x and let U C X be 
an open neighborhood of 7QO, 1]). We may suppose without loss of generality that 
A G Ll(U, A 1 (g> u(2)) is a connection matrix and consider the parallel transport of 
t] G C 2 . Note that we have a continuous Sobolev embedding L 2 {U) — > L 2 ([0, 1]) 0, 
Theorem V.4]. We wish to solve the ordinary differential equation 

(A.l) ^ + G r / = 0, tG[0,l], 
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where a = j*A G L 2 ([0, 1], u(2)), with initial condition 7/(0) = r/ , for a solution 
r ? G(L?nC°)([0,l],C 2 ). 

If A is C 00 then there is a unique solution rj G C°°([0, 1], C 2 ) to (]A.1|) (see, for 
example, [36]) and it obeys the inequality [[36], Lemma IV.4.1] 



(A.2) 1^)1 < |r7 |exp (J \a(s)\ds 

< |r/o|exp(||a|| L i ([0i i])) < \r} \ exp(c||A|| L 2 (£/) ), 

for t G [0, 1]. If A is only L 2 ., we may choose any sequence {A a } of C°° connections 
which converge to A in L\ and let {r/ a } be the corresponding sequence of C°° solutions 
to (pOp . From ([AT2] ) it follows that {r/ a } is C°-Cauchy and then (|A.1|) implies that 
{q a } is L 2 -Cauchy with limit 77 G (L\ fl C°)([0, 1], C 2 ) solving (|A.1|) . This proves 
Assertion (1). 

From the proof of Assertion (1) we see that ( G C°(U, su(2)). If the connection 
A is C°° on B(xo,r) then by differentiating ( |A.1| ) with respect to local coordinates 
(regarded as parameters [^, Chapter 5]) on B(x ,r) and solving the resulting first 
order ordinary differential equations for the derivatives, it follows that the section 
( is C°° on B(xo,r). The rest of Assertion (2) follows from the properties of the 
smoothing kernel K t (A)(x,y) given in Lemma [A.l| . □ 



A.2. Regularity of holonomy maps. We consider the regularity of the holonomy 
maps from A G Ae to h 7}Xo (A) G u(E)\ XQ , to t) 7 (A) G C°(B(x , r ), su(E)), and to 
f) 7 (A) G L 2 +1 ( J B(x ,r ),su(E)). See also §, §3.3], |2|, Lemma lb.lj, @, §8a], and 
f90| , §5A] for related calculations. 

Let 7 : [0, 1] — > X denote a parametrization for an oriented path 7 C X with 
7(0) = Xq. The general Sobolev embedding [0, Theorem V.4] implies that we have a 
continuous restriction map L\{X, A 1 (g>su(-E)) — ► L 2 k _ 2 (^y, A 1 ®su(i?)), for k >2. We 
fix an isomorphism £7| 7 ~ 7 x C 2 of U(2) bundles and denote the connection matrix 
corresponding to a unitary connection A on E again by A G L^_ 2 (7,A 1 ® u(2)). 
Let A + sa, s G K, be a one-parameter family of nearby connections on P, with 
connection matrices A(t) + sa(t) G L^_ 2 (7, A 1 ® u(2)). Let £ £ C 2 correspond to a 
point in the fiber £ , | xo and, with respect to the connection A + sa, let s) be the 
parallel transport of £ along 7(t), so s) solves 

(A.3) ( ^ + + sa(*)) £(*; s) = 0, £(0; s) = Co- 

Thus, if P 7 (i; A) G Isom(£J| 7 (o), -B 7 (t)) — U(2) denotes parallel transport along 7 from 
7(0) to j(t) with respect to the connection A, we have 



£{tis) = P y (t]A + sa)Z , te[0,l}- 
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Therefore, our task is to compute 

d 



(DP 7 (t; -))4a)£o = j- s P 7 (t; A + so)6 



s=0 ab 



, te[o,i}. 



s=0 



Differentiating ( |A.3| ) with respect to s we see that d£,(t] s)/ds solves 
(A.4) (i. + A(t) + sa(t)) §- = -a(t)£(f ; s), ^(0; s) = 0. 



dt J ds ds 

Let Y(t; s) be the fundamental matrix solution for the linear differential operator on 
the left-hand side, so the solution d£(t; s)/ds can be written as |36|, Corollary IV. 2.1] 



ds 



(t;s) = -Y(t;s) f Y~\t; s)a(r)^(r; s) dr. 
Jo 



Since £(£; s) = Y(t; s)£o = P-y(t; A + sa)£o for any £ £ -^^(o); setting s = above 
gives 

(A.5) (DP^t; -)) A (a) = -P 7 (t; A) [ P;\r; A)a(r)P 1 (r; A) dr, 

Jo 

and so, by the Sobolev embedding theorem, a derivative bound 
(A.6) \(DP,(t; -)) A (a)\ < \\a\\ L i {l) < c\\a\\ LUx) , t G [0, 1]. 

The estimate ( |A.6[ ) implies that the right-hand side of ( |A.5| ) is well-defined whenever 
k > 2. In particular, when t — 1 we have P 7 (l; A) = /i 7jXo (v4), and so ( |A.5|) gives 

(A.7) (Dh J>X0 ) A (a) = -h 1>X0 {A) [ p- 1 (A)aP 1 (A). 



Thus, we have a well-defined differential 

(Dh 7>X0 ) A : L 2 k (X, A 1 (g) u(P)) - ^ o(i) U(£)| lB ~ u(P)L 

of the holonomy map /i 7j2:o : *4e(X) — > XJ(E)\ X0 at the point A G ^4^(X). 

A similar argument shows that all higher derivatives exist by repeatedly applying 
the derivative formulas (|A.5|) and ( 1A.7T ) (see, for example, (86|, §8a]) and so we may 
conclude: 

Lemma A. 3. For k > 2, the holonomy map h^ jX(i : Ae{X) — > U(E)\ Xo is C°° . 

In the same vein, the holonomy map h 7;X0 : Ae(X) — > §0{s\\(E))\ xo is C 00 and we 
have: we have: 

Lemma A.4. For k > 2, the following holonomy maps are C°° : 

A E (X) Bin $ 7 (A) G C°(B(xo,ro),*u(£)), 
^(X) 3;1h f, (A) G L 2 k+1 (B(x ,r ),su(E)). 
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Proof. The fact that f) 7 is a C°° map follows from the proof of Lemma [A.3| . The map 
f) 7 is defined by i) 1 (A) = K t (A)[) 1 (A) and so the conclusion follows from the fact that 
the map A E (X) 3 A h-> K t (A) G Eom(L 2 (B(x , r ), su(E)), L 2 k+1 (B(x Q , r ), su{E))) 
is C°°. □ 

A. 3. Positive partitions and cutoff functions with bounded differentials 
on Hilbert manifolds. We modify Lang's proof of the existence of a C°° parti- 
tion of unity on a paracompact C°° manifold modelled on a separable Hilbert space 
J5R Corollary II. 3. 8] to produce a C 00 positive partition whose cutoff functions have 
bounded differentials of all orders; see Proposition |A.12| . Recall: 

Proposition A. 5. |55j, Corollary II. 3. 8] Let X be a paracompact C°° manifold mod- 
elled on a separable Hilbert space Sj. Then X admits locally finite, C°° partitions 
of unity: For any open cover of X there is a countable, locally finite open subcover 
{U a }'^ =l and a family of C°° functions ip a : X — > [0, 1] such that 

• supp i/} a C U a , 

• J2a=i = 1 for all x E X . 



We shall need the following generalizations to a Banach space setting of the anal- 
ogous familiar facts from analysis on finite-dimensional spaces. 

Lemma A. 6. ]l], Proposition 1.3.10] Let M be a topological space and let (N,d) be 
a complete metric space. Then the set C(M,N) of all bounded continuous maps is a 
complete metric space with respect to the metric D(f,g) := swp{d(f(x), g(x)) : x G 
M}. 

Let E, F be Banach spaces and let U C E be an open subset. By analogy with the 
usual definitions in finite dimensions, we let C S (U, F) be the set of C s maps / : U — *■ F 
with norm 

can ■= max sup \\(D p f) x \\ < oo, 

0<p<s xeU 



where || (D p f) x \\ is the norm of (D p f) x G Hom((g> p E, F). Lemma [A.6| implies that 
C°(U, F) is a Banach space. In general we have: 

Lemma A. 7. For any integer s > 0, the set C S (U, F) is a Banach space. 

Proof. For the case s = 1 this follows from Lemma |A.6| and |37], Theorem 1.1.5]. The 
general case |l|, pp. 113-114] is proved in the same way using Taylor's Theorem. □ 

By analogy with the finite-dimensional case we set C°°(U, F) = n s > C s (U, F). 

The C°° cutoff functions produced by Proposition |A.5| may not necessarily have 
bounded differentials on Hilbert manifolds, as their supports are not compact, so we 
now describe a modified procedure which does produce bounded cutoff functions. 
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Lemma A. 8. |55], Lemma II. 3. 5] Let M be a metric space and let {B a }^ =1 be a 
covering of a subset W C M by open balls. Then there exists a locally finite open 
covering {Vaj^Li of W such that V a C B a for all a and 



where C B = M 



B. 



B a n c B(x aA , r a ,i) n • • ■ n c b(x 



a, a— 1 j ' a,a— 1 



), 



Lemma A. 9. Let Bq, B\ ... , B m be open balls in a Hilbert space S) and let V be a 
scalloped open subset: 

v = B n C B 1 n ■ ■ • n c B m . 

Then there exists a C°° function uj : —>■ [0, 1] such that uj(x) > if x G V and 
io(x) = otherwise, while the differentials D p uj are bounded for all p G N with bounds 
depending only on p,r , . . . ,r m . 

Proof. Let if : R -»• [0, 1] be a C°° function such that ip(t) = 1 for t < 1, < ip(t) < 1 
for 1 < t < 2, and (p(t) = for t > 2. Suppose B a = B(x a , r a ) for a — 0, . . . , m. Set 

V5«(x) := v?(r^ 2 ||x - x a || 2 ), x G .ft, a = l, ...,m, 

so < <£> Q < 1 on c B a and <^ Q = 1 on B a . Set y^o^) = tpfao 2 \\ x ~ x o\\ 2 )i so < <y2 < 1 
on B and y?o = on C S - Then 

m 



'a; 

Q!=l 



is positive on V and zero on C V = Sj — V, while 

\\D p u\\ < C, 

for some positive constant C = C(ip,p,r , . . . , r m ) and all pGN. □ 

Lemma A. 10. Let A±, A 2 be non-empty, closed disjoint subsets of a separable Hilbert 
space ft. Then there exists a C°° function x '■ •£) —* [0, 1] such that x( x ) = if x G A\ 
and x( x ) > if x G A 2 , with bounded differentials of all orders. 

Proof. By Lindelof's Theorem there is a countable collection of balls {Ba}^^ covering 
A 2 and such that B a C C A\ = Sj — A\. Let W = U a B a and find a locally finite 
refinement {V a } of scalloped open subsets V a C B a using Lemma |A.8| which covers 
W. Using Lemma |A.9| we find a C°° function uj a : fj — > M. such that c<j a is positive on 
VC», zero on c Kv, and has bounded differentials of all orders. The sum 



+ ||^a||c a (S) 



a=l 

is finite on any neighborhood V a . The function x '■ ft ~ > K is positive on U a V^, = 
W D A 2 and zero on Ai. Moreover, x has bounded differentials of all orders, as 
desired. □ 
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Remark A.ll. It is at this point that the usual proof of existence of a partition 
of unity encounters difficulties if we wish to ensure that the cutoff function \ has 



bounded differentials of all orders. In the proof of Theorem II. 3. 7 of [55], Lang first 



constructs a function u obeying the conclusions of Lemma [A.10| and then a C°° 
function a : —>■ R such that a > on the closed set C U disjoint from A 2 , where U is 
the open set where u > 0, and a = on A 2 . He then defines x — w/{uj + a), so x = 1 
on A 2 . In finite dimensions, the compactness of closed bounded sets ensures that x 
will have bounded differentials of all orders if A 2 is bounded, but this obviously fails 
in infinite dimensions. 



Proposition A. 12. Let X be a paracompact C°° manifold modelled on a separable 
Hilbert space Sj. Then X admits a locally finite, C°° positive partition: For any 
open cover of X there is a countable, locally finite open subcover by parametrizations 
{U a , 7r a }^ =l! where 7i a : fj D U a ~ U a C X , and a family of C°° functions Xa '■ X — ► 
[0, 1] such that 

• suppxa C U a , 

• J2a=i Xa{x) > for all x G X, 

• Xa 7Tq '■ — > [0, 1] has bounded differentials of all orders. 

Proof. Let {B x } be an open covering of X by balls and, using paracompactness and 
Lemma |A.8| , let {U a } be a countable, locally finite refinement such that each open 
subset U a is contained in some B x ( a ), where tt^ 1 : X D B x ( a ) — > Sj is a coordinate 
chart and 7r~ 1 ([/ Q! ) = U Q . We now find open refinements {V a } and then {W a } such 
that 

W a c V Q c V a c U a , 



the bar denoting closure in X. For each a, Lemma |A.10| and the identification ir a : 
ft D U Q ~ U a C X, provides a C°° cutoff function Xa '■ X — ^ R such that Xa > 
on iy a and Xa = on X — V a . The C°° map % a o n a : XJ a — > [0, 1] extends by zero 
to a C 00 map x« ^ : ^ ^ [0, 1] having bounded differentials of all orders. Then 
{U a , Xa} is the desired positive partition. □ 

Let Y = Y U dY C I be a smooth submanifold-with-boundary. For any open 
subset U C Ae(Y) and C s function /:£/—> C, we define 

(A.8) ||/||c*(co := sup sup \(D S f) A (a u . . . } a s )\. 

AeU l<i<s 

Let {5([A a ], r a )} be a countable covering of B* E (Y) by L| balls with subordinate 
locally finite subcover {U a } and C°° positive partition {x a }, with suppXa C C/ a . 
We may suppose that S([A a ],r a ) = 7r(B(A af , r a )), where B(A Q ,r a ) C A* E {Y) is an 
open L\ ball in the Coulomb slice A a + Kerrf^^ with center A a and radius r a , and 
ii : -4.|;(K) — > B* E {Y) is the canonical projection. Let U Q = TX~ l {U a ) fl B(A a , r a ), so 
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U a C A a + Ker d* Aa and 

suppxa o 7T c 7i-\u a ) = g E (y) ■ u a ~ g E (Y) x u„. 

Now Xa°^{u{A)) = Xa°ir(A) for all u G Q E {Y) and by the construction of Proposition 
p\~T2] the C°° map 

(A.9) X a o tt : A Q + Kerd* Aa C L* +1 (Y, su(£)) -> [0, 1] 

has bounded differentials of all orders with respect to the fixed L\ +1 Aa norm on 
L 2 k+l {Y, su(E)), that is, it has bounded differentials of all orders in the sense of Propo- 
sition |A.12| . Now for any A G U Q the L 2 k+l Aa and L\ +1 A norms on L| +1 (Y, su(E)) 
compare uniformly with constants depending only on r n > \\A — A a \\ L 2 A (since 
k > 2), and so the maps ( |A.9| ) have bounded differentials of all orders in the sense of 



Equation ( |A.8| ). Moreover, the same holds for the maps 

X«0 7r:^(y)->[0,1]. 

Finally, we have a restriction map ry : A* E (X) — > A* E (Y) given by A t— > A|y and the 
composition 

Xao-Kory :A E (X)^[0A] 
again has bounded differentials of all orders in the sense of Equation (|A.8 ) . 



A. 4. Uniform convergence of holonomy perturbations on neighborhoods of 



reducibles. In §2.5.2| we constrained the sequences perturbations r and i? to vary 
in certain weighted i\ spaces. We now show that a sequence of positive weights 
5 G £°°(1R + ) may be chosen in such a way that the sums r • m and d ■ m and all their 
differentials converge uniformly on A E (X). 

For any open subset U C A E (X) and C s map f : U — > L\ +1 {X, su(E)), we define 

(A.10) ||f||c(£0 := sup sup \\{D s j) A {a u ...,a s )\\ L 2 {x) . 

Aeu i<i<s h+1 - A 

IKIliS A ( X) <1 

We then have: 

Proposition A. 13. Continue the notation of §[07| and let k > 2 be an integer. 
Then there exists a sequence 5 = (5 a )™ =1 G £°°((0, 1]) of positive weights such that the 
Q E equivariant maps 

r ■ m : A E {X) -> L 2 k+1 (X, g[(A + ) ® R so{su{E))), 
$ ■ m : A E (X) -> Rom(W + , W~) ® c 51(E)), 
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are C°° , with uniformly bounded differentials of all orders in the sense of ( |A.10| ). In 
particular, they satisfy the following C° estimates for r > k + 1, 

sup \\S-m(A)\\ L 2 +iA(x) < C\\#\\ e i (C r {x)) , 
sup \\r ■ m{A)\\ L 2 (x) < C\\T\\ e i (cr{x)) , 

AgAe 

for some positive constant C = C(g,k), and more generally they satisfy the C s esti- 
mates of (|A.11|) and (|A. 1 2|) ? for every integer s > 0. 



Remark A. 14. As should be clear from their definition, the maps f ■ m and •& ■ m 
are not analytic, although this will cause no difficulty in practice. 

Proof. It suffices to consider $ ■ m, since the argument for r ■ m is obviously identical. 
We first observe that the sum $ ■ vn(A) is finite for each connection A G Ae{X), and 
so defines an element of L\ +1 {X 1 Hom(W + , W~) ® gl(E)), while it is identically zero 
if A is reducible on X. However, on any open neighborhood of a reducible connection 
A G Ae{X), the number of terms in the sum $ ■ m may be infinite and so our task is 
to choose a sequence of weights 5 such that this sum and all its differentials converge 
uniformly on Ae{X). The sum $ • m will then define a C°° map. We begin with a 
couple of preparatory lemmas. 

Lemma A. 15. Let Y = Y U dY C X be a smooth submanifold with boundary, let 
B(A ,r ) C A* E (Y) be an open L\ ball with k > 2, and let r] e L 2 (Y, su(E)). Then 
the maps 

B(A ,r ) 3A^ f(A) := e'^r] G L 2 k+1 (Y, su(E)) 

have bounded differentials of all orders, in the sense of ( |A.10p , with constants c = 
c(k,r Q ,s,t): 

!lf||c»(B(A ,ro)) < c||?7|| L 2 (r) . 

Proof. The Sobolev multiplication theorems and the fact that k > 2 imply that the 
norms 

||CIUl +1>A (y) and HCH'^ a(y) := || (1 + A A f +1 ^C\\ LHY) 

on Ll +1 (Y, su(E)) are equivalent for A e B(A ,r ) C A* E (Y), with constants depend- 
ing at most on k, r . 

Since = d* A d A , its derivative with respect to A in the direction 5 A = a is 
given by 5A A = [a,-]*d A + d* A [a, •]; we use the abbreviation 5A A = (DA^) A (a). 
The connection A is irreducible by hypothesis and so for a small enough open L\ 
ball B(A Q ,r ), there is a positive constant Ao > such that X[A] > Ao > for all 
A G B(A ,r ), where X[A] is the least eigenvalue of A^. Thus, 



Spec(A A ) C [A , oo), A G B(A , r ), 
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and, for any holomorphic function / on an open neighborhood flcC with Spec(A A ) C 
Q and T any contour that surrounds Spec(A A ) in Q, we have ]76] 

f(A A ) = ^-£f(\)(\-A A y 1 d\, 

(Df) AA (5A A ) = ^~£ /(A)(A - A A )-\SA A )(X - A^)- 1 dX, 

and similarly for all higher-order derivatives. Note that 
(l + A A )( fc+1 )/ 2 /(A A ) 

= /(l + A)( fc+1 )/ 2 /(A)(A-A A )- 1 rfA, 
2m J r 

(l + A A Y k+i y\Df) AA (5A A ) 

= -L /(i + A)( fc+1 )/ 2 /(A)(A - A A )- 1 (5A A )(A - A^ 1 rfA. 

27TZ J r 

We can fix f2 and r C O such that dist(r, Spec(A A )) > d > 0, for some positive 
constant do and all A e -B(v4 ,r ) (see §1.6]). Now choose /(z) = e~* z and 
f k+1 (z) = (1 + z)( fe+1 )/ 2 /(z), and estimate as in |34|, p. 53]: 



e 



-tA 



< C ||fl + A4) (fc+1)/ V A - 



r)\\Ll +1A (Y)Sc\\{L + i\ A p » e n r}\\L*{Y) 

^ _ 1 l/i , wffc+:T)/2_-tA j\ I n/\ a \-l_n 

on 



< c I I (1 + A)( fc+1 )/ 2 e~ u dX\ sup || (A - A^ 1 ^ 

Jr Aer 

< c||^|Ua(y), 

which gives the desired C° bound 

sup He-'^IU; ; (y) < c\\ V \\ LHY) , 
A£B(A ,r ) 

where c = c(do, k, r , t). 

To obtain the C 1 bound, observe that 

\\(Df) AA (5A A ) v \\ Ll+iA{Y) 

<c\\{l + A A t + ^\Df) AA {5A A ) v \\ L , {Y) 

< c 1 1(1 + A)( fc+1 )/ 2 /(A) dA| sup || (A - A A )-\5A A )(\ - A^-^U^y) 

Jr Aer 

< supc||(A - A A y\SA A )(\ - A^riW^yy 
Aer 
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Our expression for SA A gives 

||(A- A A )-\6A A )(\- A^-Slk^y) 

< || (A - A^da, fd A + d* A [a, -])(A - A A )- 1 r 7 |U 2(y , ) 

< c (|| [a, -}*d A (X - A A y l rj\\ L 2(Y) + \\d* A [a, -](A - Aa)- 1 ^^)) 

< c||a||L2 ;A (Y)ll(A - Aa)" 1 ^)!^^) 

< clloll^^ll^H^prj, 

where c = c(r , d )- Combining these estimates yields 

\W tAA H\L\ +1A (Y) < 4 a \\Ll iA (r)\\v\\&(r)> 
and so we have the desired C 1 bound 

sup sup \\(De~ tA ^) A (a)r]\\ L 2 {Y) < c\\r]\\ L 2 {Y) . 

AeB(Ao,ro) \\a\\ L i i (X) <1 

for some c = c(cfo, A:, Tq, t). The analysis can be repeated, essentially unchanged, for 
all higher differentials and is left to the reader. □ 

Lemma A. 16. The Qe equivariant holonomy maps 

m jM : A E (X) -> L 2 k+1 (X,su(E)) 
of ( |2.20|) are C°° u>rf/i bounded differentials of all orders in the sense of (|A.10|) . 
Proof. Recall from ([2T7D and ( P^0|) that 

(A) = /3 i [A]x 3 -,«[A| B(aij . j2flb) ]^fj 7jiJia (A), 

Vi&7i,l,«(^) = ( Pj K t(A\B(xo,2Ro))h-r J ,t, a ( A )- 

The cutoff functions Xj,a°'^ or B(x- > 2Ro) '■ Ae(X) — > [0, 1] have bounded differentials of 
all orders, in the sense of (|A.8|) , by the remarks following Proposition [A. 12 ; 



moreover, 



they are supported in A%(X). The the functions (3j : Ae(X) — > [0, 1] have bounded 
differentials of all orders, as is clear from their definition in (|2.18|) . Finally, one can 
see from the proofs of Lemmas A. 3 and A. 4 , together with Lemma |A.15| , that the 



maps 

-2 



^K t (-\ B{xo , 2Ro) )i) 7 . lia : A* E (X) -> L 2 k+1 (X,su(E)) 

have bounded differentials of all orders in the sense of ( |A.10| ) on open subsets Qe • 
B(A ,r ) C A* E (X), where B(y4 ,r ) is an open L\ ball in K Ao C A* E {X). □ 

Given Lemma |A.16| , we have 



M QjS := max||m iiQi /|| c =(^ B ) < oo, 
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where we recall that 1 < I < 3 and 1 < j < iV&. Now choose a sequence of positive 
weights 5 = (5 Q )~ =1 G £°°(R + ) by setting 

5 a := ( 1 + max M a s ] , a e N, 

\ 0<s<a ' / 



and suppose $ e £}(A, C r (X)). Then 



\£j(Cr{X)) ~ 

3, hot 

and therefore, 



^K l ¥j\iA\c<-{x) < oo, 



< +1 {X)\\™i,iA\c°{A E ) by ( IA.10I) 



fc+i 

since r > + 1. Here, c = c(g, fc) is a universal positive constant coming from the 
continuous Sobolev multiplication L\ +l x L\ +l A — > L\ +l A . Hence, using the facts 
that M Q S < 1 + maxo<t< a M Qjt = S^ 1 for a > s and 1 < for 1 < a < s — 1 , we 
get 

ll^-^ll^(^) < cJ2 l^ M cv\\0jte\\c*(X) + ^8a 1 \\ v i-i.»\\r><\) 

j,l \«=1 a>s 



j,l,u\\C>-(X) 



^ ' j,l \a=l a>s 

< c ( 1 + max M a , s j V S^W^j^W^x) 

\ Ka<s— 1 / ^— ' 

(A.ll) = C||#||^ (C . W) < oo, 

where C = C(g, s, k) is defined by the last equality above. In particular, we see that 
i? • m is a C s map on Ae(X), for every integer s > 0. The same argument gives 

(A.12) ||r • xa\\c'(A B ) - c \\T\\q(cr(x)) < oo, 

and r • m is a C s map on Ae(X), for every integer s > 0. □ 
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